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ABSTRACT
F i l t e r i n g  and c o n t r o l  t e c h n iq u e s  a r e  d ev e lo p ed  f o r  u se  in  l a r g e -  
s c a l e  s t o c h a s t i c  system s w i th  p a r t i c u l a r  a t t e n t i o n  fo cu sed  on th e  i n ­
fo rm a tio n  f low  c o n s t r a i n t s  w hich a r e  o f t e n  p r e s e n t  in  such a  sy stem . A 
d e c e n t r a l i z e d  f i l t e r  h av in g  co m p lex ity  c o n s t r a i n t s  i s  d e r iv e d  u s in g  a 
v a r i a t i o n a l  approach  and th e  r e l a t i o n s h i p s  o f  t h i s  f i l t e r  to  t h e  cen­
t r a l i z e d  Kalman f i l t e r  a r e  i n v e s t i g a t e d .  In  p a r t i c u l a r  I t  i s  shown 
t h a t  th e  d e c e n t r a l i z e d  f i l t e r  can be d e s ig n e d  by employing a  computa­
t i o n a l l y  s im p le  m o d i f i c a t io n  t o  th e  s ta n d a r d  Kalman f i l t e r i n g  R i c c a t i  
e q u a t io n s .  Q u a l i t a t i v e  a s p e c t s  o f  th e  f i l t e r ' s  pe rfo rm an ce  a r e  g iv en  
i n  te rm s o f  an o b s e r v a b i l i t y  c o n d i t i o n ,  and q u a n t i t a t i v e  p e rfo rm ance  
d a t a  a r e  g e n e r a te d  f o r  t h e  c a se  o f  s t a t e  e s t i m a t i o n  i n  a  tw o -a re a  
e l e c t r i c  power system .
I n  t h e  d e c e n t r a l i z e d  c o n t r o l  o f  l a r g e - s c a l e  s t o c h a s t i c  sy s te m s ,  
com p lex ity  c o n s t r a i n t s  a r e  imposed on th e  s t r u c t u r e  and a  v a r i a t i o n a l  
approach  i s  u sed  to  d ev e lo p  n e c e s s a ry  c o n d i t io n s  f o r  o p t i m a l i t y .  An 
a p p a r e n t ly  new d e r i v a t i o n  o f  t h e  s e p a r a t i o n  p r i n c i p l e  f o r  c e n t r a l i z e d  
in f o r m a t io n  p a t t e r n s  i s  employed to  I n v e s t i g a t e  t h e  a p p l i c a b i l i t y  o f  t h e  
s e p a r a t i o n  p r i n c i p l e  f o r  d e c e n t r a l i z e d  in f o r m a t io n  p a t t e r n s .
A d e s ig n  methodology i s  developed  f o r  an i n t e r a c t i o n  m odeling 
approach  to  d e c e n t r a l i z e d  c o n t r o l l e r  d e s ig n  and t h e  s t r u c t u r a l  a s p e c t s  
o f  th e  l o c a l  c o n t r o l l e r s  a r e  c o n s id e re d  i n  d e t a i l .
v
CHAPTER I
INTRODUCTION AND PROBLEM FORMULATION
Systems e n g in e e r in g  encompasses a wide range  o f  g e n e r a l  problem 
a re a s  w hich can be b o th  t h e o r e t i c a l l y  i n t e r e s t i n g  and o f  p r a c t i c a l ,  
im p o r tan ce .  From one v ie w p o in t ,  th e  c e n t r a l  problem o f  i n t e r e s t  to  
th e  sy stem s e n g in e e r  i s  t h a t  o f  c o n t r o l l i n g  a  g iven  system . T ha t i s ,  
a p l a n t  o r  c o l l e c t i o n  o f  i n t e r c o n n e c te d  components which under  " i d e a l  
o p e r a t in g  c o n d i t io n s "  i s  c ap a b le  o f  p e rfo rm in g  some d e s i r e d  t a s k ,  has 
been d es ig n ed  and i s  to  be pu t i n t o  o p e r a t i o n  in  th e  r e a l  w o rld .  The 
c o n t r o l  d e s ig n  problem  i s  then  t o  d e s ig n  an a u x i l i a r y  system  which 
e n ab le s  th e  p l a n t  to  o p e r a te  in  th e  r e a l  w orld  in  a manner w hich in  
some p r e s p e c i f i e d  s e n s e  i s  o p t im a l  o r  a t  l e a s t  s a t i s f a c t o r y .  The de ­
s ig n  o f  such  a  c o n t r o l l e r  m us t,  o f  c o u r s e ,  b e  c a r r i e d  o u t  s u b j e c t  to  
c e r t a i n  c o n s t r a i n t s .  F ig u re  1 .1  g iv e s  a  s c h e m a t ic  r e p r e s e n t a t i o n  o f  
t h i s  v e ry  g e n e r a l  problem  and s e r v e s  to  in t r o d u c e  some o f  th e  n o t a t i o n  
used th ro u g h o u t t h i s  p a p e r .
CONTROLLER







2. R e a l iz a b le ?
3 . R e l ia b le ?
4 . P la n t  s t r e s s e s  
a c c e p ta b le ?
F ig .  L . l  G en era l  co n tro l ,  problem .
- 1 -
As I n d ic a t e d  i n  th e  above f i g u r e ,  y r e p r e s e n t s  th e  o b s e r v a t io n s  
which a r e  a v a i l a b l e  to  th e  c o n t r o l l e r  f o r  u se  in  g e n e r a t in g  the  con­
t r o l  s i g n a l ,  m. L oose ly  s p e a k in g ,  th e  c o n t r o l  problem  i a  th en  to  
d e te rm in e  a  f u n c t i o n a l  r e l a t i o n s h i p  betw een th e  o b s e r v a t io n s  and th e  
c o n t r o l  which s a t i s f i e s  th e  c o n s t r a i n t s  and g iv e s  a  s a t i s f a c t o r y  v a lu e  
o f  th e  perform ance  m easu re . S o lu t io n  o f  t h i s  d e s ig n  problem  may p ro ­
ceed e i t h e r  a n a l y t i c a l l y  o r  e x p e r im e n ta l ly  w i th  e x p e r im en ts  b e in g  
c a r r i e d  o u t  on: (1) th e  a c t u a l  sy stem , (2) a p h y s i c a l  p ro to ty p e  o f  th e  
a c t u a l  p l a n t ,  o r  (3) a m a th e m a tica l  model s im u la t io n  on a com puter. 
U su a l ly  t h e  most econom ica l o f  th e  e x p e r im e n ta l  methods i s  th e  simu­
l a t i o n  o f  th e  system  on a  m a th e m a tica l  model. Most s u c c e s s f u l  d e s ig n  
schemes u t i l i z e  a com bina tion  o f  s im u la t io n  and a n a l y t i c a l l y  b ased  
te c h n iq u e s .  Of c o u r s e ,  in  o rd e r  to  c a r r y  ou t such  schem es, i t  i s  
n e c e s s a ry  to  deve lop  re a s o n a b ly  a c c u r a t e  m a th e m a tica l  models o f  th e  
p ro c e ss  to  be c o n t r o l l e d .
A system  model, P ^ , i s  developed  p r i m a r i l y  from an u n d e rs ta n d in g  
and m a th e m a tica l  f o r m u la t io n  o f th e  fu n d am en ta l  p h y s i c a l  p r o c e s s e s  
t a k in g  p la c e  in  th e  a c t u a l  sy stem . Of c o u r s e ,  t h e  e x t e n t  o f  t h i s  un­
d e r s t a n d in g  and th e  su b se q u e n t  m a th e m a tica l  fo r m u la t io n  v a r i e s  c o n s id e r ­
a b ly  depend ing  on th e  p ro c e s s e s  in v o lv e d .  F or exam ple, i n  t h e  a e r o ­
sp ac e  a r e a  th e  b a s i c  p ro c e s s e s  a r e  u s u a l l y  amenable t o  a n a l y s i s  by 
Newtonian m echanics and a r e  w e l l  u n d e rs to o d .  C o n t ra s te d  t o  t h i s  i s  
th e  F o u r d r i n i e r  p ro c e ss  o f  paperm aking in  w hich th e  u n d e r ly in g  p h y s ic a l
p r o c e s s e s  a r e  ex tre m e ly  c o m p lica ted  and knowledge i s  p r i m a r i l y  o f  an
*
e m p i r ic a l  n a t u r e  [1] . However, r e g a r d l e s s  o f  t h e  s t a t e  o f  knowledge 
*
Square  b r a c k e t s  a r e  used  t o  d en o te  th e  r e f e r e n c e s  l i s t e d  in  th e  
b ib l io g r a p h y  a t  the  end o f  th e  p a p e r .
co n ce rn in g  th e  p r o c e s s ,  b o u n d a r ie s  o f  t h e  sys tem  model must e v e n tu a l ly  
b e  drawn somewhere and h e n ce ,  in  g e n e r a l ,  i t  i s  n o t  p o s s ib l e  t o  model 
a l l  a s p e c t s  o f  th e  system . T h e r e f o r e ,  m odeling u n c e r t a i n t i e s  a r i s e  In 
a d d i t i o n  to  th e  u n c e r t a i n t i e s  which a r e  p r e s e n t  due to  th e  a c t i o n  o f  
t h e  r e a l  w o rld  env ironm ent on th e  system . These unmodeled f o r c e s  and 
r e a l  w orld  a c t i o n  on th e  p l a n t  a r e  p r im a r i ly  u n p r e d i c t a b l e  and unmea­
s u r a b l e  in  th e  r e a l  system  and t h e r e f o r e  must b e  modeled th ro u g h  some 
s t a t i s t i c a l  means. T h is  random c h a r a c t e r  o f  t h e  s i g n a l s  w hich a f f e c t  
th e  system  w i l l  le a d  to  a  perfo rm ance  m easure  which i s  a  random v a r i ­
a b l e  depend ing  on th e  p a r t i c u l a r  sam ple p a th  ta k e n  by th e  s t o c h a s t i c  
p r o c e s s e s .  Thus, in  t h i s  s t o c h a s t i c  s e t t i n g ,  i t  i s  n e c e s s a r y  to  use 
some s t a t i s t i c a l l y  b a se d  m easure o f  t h e  p e rfo rm an ce . T h is  i s  u s u a l ly  
accom plished  by u s in g  th e  m a th e m a tica l  e x p e c ta t io n  o r  v a r i a n c e  o f  th e  
o r i g i n a l  pe rfo rm ance  m easu re . T h e r e f o r e ,  a f t e r  th e  m odeling  phase  has  
been  co m p le ted ,  th e  c o n t r o l  problem  ta k e s  th e  g e n e r a l  form shown in  





(To be  des ig n ed )
PERFORMANCE MEASURE 
J= o (J )
CONSTRAINT LIST
1 . Economical?
2. R e a l iz a b le ?
3 . R e l ia b le ?
4. P l a n t  s t r e s s e s  
a c c e p ta b le ?
F ig .  1 .2  G en era l  c o n t r o l  problem  a f t e r  m odeling .
Fundam ental knowledge o f  p h y s i c a l  p ro c e s s e s  i s  p r im a r i ly  embodied 
i n  th e  d i f f e r e n t i a l  e q u a t io n s  d e r iv e d  from l i m i t i n g  argum ents  b a sed  on 
a  m acroscop ic  view o f  th e  p ro c e ss  and i n  th e  v a r io u s  c o n s e rv a t io n  laws 
o f  p h y s ic s  [2—3 ] .  A l a r g e  c l a s s  o f  p r o c e s s e s  may be r e p r e s e n te d  v i a  
e lem en ts  from th e  c l a s s  o f  smooth dynam ical system s [ 4 ] .  F or sy s tem s  
o f  t h i s  ty p e ,  i t  i s  w e l l  known t h a t  a  b a s i c  u n i f y in g  concep t i s  t h a t  o f  
s t a t e  [4 ] .  A f t e r  choosing  a r e p r e s e n t a t i o n  o f  t h e  s t a t e ,  th e  sys tem  
o p e r a t o r ,  P ^ ,  may be decomposed i n t o  a  dynam ical o p e r a t io n  fo l lo w e d  by 
a memoryless f u n c t i o n a l  r e l a t i o n s h i p .  T ha t iB , l e t t i n g  x r e p r e s e n t  th e  
s t a t e  o f  and t  e t *ie  sy s tem  o p e r a t io n  can b e  d e s c r ib e d  by
x ( t )  = X(m[to , t ] ,  £ [ t Q, t ] ,  x ( t Q) , t )  ( 1 .1 )
y ( t )  = Y ( x ( t ) ,  m ( t ) , £ ( t ) ,  t )  ( 1 .2 )
w here in
A
m [ t Q ,t] = {(m(r),t ) : t E[tQ ,t]}
and s i m i l a r l y  f o r
Roughly s p e a k in g ,  t h e  s t a t e  o f  t h e  system  i s  t h e  in fo r m a t io n  
r e q u i r e d  i n  o r d e r  to  compute th e  sy s tem  o u tp u t  a t  t im e  t 2 b ased  on 
knowledge o f  a l l  i n p u t s  o v e r  th e  i n t e r v a l  [ t 1 , t 2 ] and th e  s t a t e  a t  
tim e  t j  . I n t e r e s t  in  t h i s  p ap e r  c e n t e r s  e s s e n t i a l l y  on system s in  
which th e  s t a t e  sp ac e  i s  f i n i t e  d im e n s io n a l ,  a l th o u g h  some o f t h e  r e ­
s u l t s  a r e  p o t e n t i a l l y  u s e f u l  in  s u i t a b l e  d i s c r e t i z a t i o n s  o f  i n f i n i t e
d im e n s io n a l  sy s te m s .  T hus, t h e  system s o f  i n t e r e s t  h e r e  a r e  th o s e
d e s c r ib e d  by o r d in a r y  d i f f e r e n t i a l  e q u a t io n s .
As n o te d  in  th e  above th e  c o n s t r a i n t s  o f  th e  c o n t r o l  problem  
p la y  an im p o r ta n t  r o l e  and can n o t  be  o v e rlo o k ed  i f  t h e  c o n t r o l  system
5
i s  to  be u s e f u l  i n  th e  r e a l  w o r ld .  T here  a r e  a number o f  c o n s t r a i n t s  
which may be  p r e s e n t  in  a t y p i c a l  d e s ig n  p rob lem . The p rim ary  focus  
in  t h i s  r e s e a r c h  i s  on c o n s t r a i n t s  which r e f l e c t  t h e . f a c t  t h a t  in  a 
p r a c t i c a l  sy s tem  th e re  may b e  l i m i t s  on t h e  amount o f  in fo rm a t io n  w hich 
can be t r a n s m i t t e d  w i th in  t h e  system . T ha t i s ,  we a r e  i n t e r e s t e d  in  
system s which a r e  i n f o r m a t io n a l l y  d e c e n t r a l i z e d  in  t h e  s e n s e  t h a t  t h e r e  
i s  no c e n t r a l  agency which i s  capab le  o f  p r o c e s s in g  a l l  o f  th e  o b s e r ­
v a t io n s  o b ta in e d  from th e  sy s tem . This  r e s e a r c h  a r e a  ap p ea rs  to  b e  one 
o f  th e  most i n t e r e s t i n g  and a t  th e  same t im e  p o t e n t i a l l y  u s e f u l  o f  t h e  
r e s e a r c h  a r e a s  in  th e  c o n t r o l  o f  in te r c o n n e c te d  l a r g e - s c a l e  sy s tem s .
D uring  t h e  p a s t  s e v e r a l  y e a r s ,  p rob lem s r e l a t e d  t o  th e  c o n t r o l  o f  
l a r g e - s c a l e  sys tem s have begun  to  a t t r a c t  a  c o n s id e r a b le  amount o f  
t h e o r e t i c a l  i n t e r e s t  ( s e e  e . g .  [ 5 - 8 ] ) .  T h is  i n t e r e s t  and the  concomi­
t a n t  c l a s s i f i c a t i o n  o f  sy s te m  c o n t r o l  p rob lem s  on th e  b a s e s  o f  sy s tem
i
s i z e  and co m p lex ity  stem s p r i m a r i l y  from th e  f a c t  t h a t  t h e  implemen­
t a t i o n  o f  a  c o n t r o l l e r  d e r iv e d  from a s t r a i g h t f o r w a r d  a p p l i c a t i o n  o f  
e x i s t i n g  s t o c h a s t i c  o p t im a l  c o n t r o l  th e o ry  o f t e n  r e q u i r e s  a p r o h i b i t i v e  
amount o f  d a t a  h a n d l in g  and c o m p u ta t io n a l  c a p a b i l i t y .
Much o f  t h e  r e s e a rc h  to  d a te  in  l a r g e - s c a l e  sy s tem  c o n t r o l  h a s  
focu sed  a t t e n t i o n  on prob lem s a r i s i n g  i n  w hat might be  c a l l e d  th e  
" p la n n in g  p h ase"  o f c o n t r o l l e r  im p le m e n ta t io n .  For exam ple, th e  con­
c e p t  o f  E - c o u p l in g  [6] a p p a r e n t l y  a ro s e  o u t  o f  th e  d e s i r e  to  a p p ro x i ­
m ate th e  s o l u t i o n  o f  t h e  r e q u i s i t e  R i c c a t i  e q u a t io n s  by  a sequence o f  
s o l u t i o n s  to  decoupled  e q u a t io n s  of low er d im e n s io n a l i t y .  Of c o u r s e ,  
such  a t e c h n iq u e  i s  p r i m a r i l y  c o m p u ta t io n a l  in  t h a t  t h e  r e s u l t i n g  con­
t r o l l e r  s t r u c t u r e  i s  th e  same as  th a t  d i c t a t e d  by s t a n d a r d  s t o c h a s t i c  
o p t im a l  c o n t r o l  th e o ry .  T h u s ,  th e  p rob lem  o f  managing th e  o n - l i n e
In fo rm a t io n  flow s re m a in s .  C o n t r o l l e r  d e s ig n  s u b j e c t  to  c o n s t r a i n t s  on 
th e  a l lo w a b le  in fo r m a t io n  flow i s  t h a t  a s p e c t  o f  l a r g e - s c a l e  sy s tem  
c o n t r o l  which i s  o f  i n t e r e s t  in  t h i s  p ap er .
The concep t o f  d e c e n t r a l i z a t i o n  [9] a f f o r d s  a  te ch n iq u e  f o r  a l l e ­
v i a t i n g  th e  o n - l i n e  d a ta  h a n d l in g  req u ire m e n ts  and h a s  been th e  s u b je c t  
o f  e x te n s iv e  d i s c u s s i o n  in  th e  l i t e r a t u r e  o f management s c i e n c e ,  econo­
m e t r i c s ,  and o r g a n i z a t i o n  th e o ry  ( s e e  e .g .  [ 9 - 1 6 ] ) .  R e c e n t ly ,  as i s  
ev id en ced  by [1 7 -2 1 ] ,  i n t e r e s t  i n  d e c e n t r a l i z e d  c o n t r o l  and f i l t e r i n g  
s t r u c t u r e s  has been  shown i n  b o th  t h e  p r a c t i c a l  and  t h e o r e t i c a l  c o n t r o l  
l i t e r a t u r e .
From a p r a c t i c a l  p o in t  o f  v iew  t h i s  i n t e r e s t  stem s from t h e  f a c t  
t h a t  many i n d u s t r i a l  p ro c e s s e s  a r e  in h e r e n t ly  l a r g e - s c a l e  and th e  la r g e  
amount of d a ta  p r o c e s s in g  r e q u i r e d  by c o n v e n t io n a l  s t o c h a s t i c  c o n t r o l  
make th e s e  te c h n iq u e s  i m p r a c t i c a l .  I n  a d d i t i o n ,  improvements made in  
m in icom puter  te ch n o lo g y  have p ro v id e d  p ro cess  c o n t r o l  w ith  an a t t r a c t i v e  
a l t e r n a t i v e  to  c o m p le te ly  c e n t r a l i z e d  c o n t r o l  s t r u c t u r e s .  T hese  im­
provem ents  which have  b een  launched  by advances i n  MOS/LSI e l e c t r o n i c  
te c h n o lo g y  have made th e  sm a ll  com puter very  a t t r a c t i v e  f o r  l o c a l i z e d  
f i l t e r i n g  and c o n t r o l  o p e r a t io n  u n d e r  th e  s u p e r v i s io n  o f a l a r g e  c e n t r a l  
com puter [2 2 -2 3 ] .
T h e o r e t i c a l  i n t e r e s t  in  d e c e n t r a l i z e d  s t r u c t u r e s  i s  s p a rk e d  by 
th e  b a s i c  o b j e c t i v e  o f  t h i s  d e c e n t r a l i z a t i o n ;  v i z . ,  th e  e f f i c i e n t  d i s ­
t r i b u t i o n  o f  t h e  in f o r m a t io n  p r o c e s s in g  and c o m p u ta t io n a l  e f f o r t  i n ­
v o lv e d  in  c o n t r o l l i n g  th e  system  l e a d s  to  n o n - s ta n d a r d  c o n t r o l  and 
f i l t e r i n g  p rob lem s. T hat i s ,  an e f f e c t i v e  d e c e n t r a l i z a t i o n  r e s u l t s  in  
a s t r u c t u r e  in v o lv in g  m u l t ip l e  c o n t r o l l e r s  each w i th  d i f f e r e n t  i n f o r ­
m a tio n  on th e  sy s tem . Using th e  method o f c l a s s i f i c a t i o n  p roposed  in
H o's  su rvey  o f  g e n e r a l iz e d  c o n t r o l  th e o ry  [ 2 4 ] ,  d e s ig n  o f  d e c e n t r a l i z e d  
c o n t r o l  s t r u c t u r e s  f a l l s  m ost n a t u r a l l y  In  t h e  team th e o ry  c l a s s .  Xn 
o th e r  w ords, t h e  m u l t ip l e  c o n t r o l l e r s  In  t h e  d e c e n t r a l i z e d  s t r u c t u r e  
have the  common g o a l  o f  e x t r e m iz in g  a common o v e r a l l  pe rfo rm an ce  Index. 
S p e c i f i c a l l y ,  In  t h i s  p a p e r  c o n s i d e r a t i o n  i s  g iv en  t o  p l a n t s
A
which can be  e f f e c t i v e l y  modeled as a  g iv e n  c o l l e c t i o n  ( S ^ :  1 = 1 , 2 , . .N)
o f  N i n t e r a c t i n g  dynam ical su b sy s te m s ,  S^. On th e  g iven  t im e  i n t e r v a l
[ t  , t f ] each  subsystem  i s  d e s c r ib e d  by th e  I t o  e q u a t io n  model [25-27] o **
dx^Ct.oi) = f i (x 1 ( t ,m ) ,  u±( t , a ) ) ,  t ) d t  + dw± (1 .3 )
u ^ t . w )  = L ^ ( x ( t  ,io)) (1 .4 )
dyi (t ,m ) = H± ( z i ( t ,m ) ) d t  + dn± (1 .5 )
z ^ t : , ^ )  = [ x ^ ( t ,w )  u ^ ( t ,m ) ]  (1 .6 )
w here in  f o r  e ach  t  e [ t Q, t^ 3  and each m i n  t h e  u n d e r ly in g  p r o b a b i l i t y
s p a c e ,  0 ,  x i ( t ,m )  i s  th e  n ^ v e c t o r  v a lu e d  s t a t e  o f  S^, u ^ ( t ,m )  i s  th e  
p_^-vector v a lu e d  i n t e r a c t i o n  In p u t  to  d e r iv e d  from th e  o t h e r  sub­
sy s tem s, y ^ ( t ,w )  i s  th e  q ^ - v e c t o r  v a lu ed  o b s e r v a t io n  a v a i l a b l e  a t  S_̂ , 
m^(t,(D) i s  t h e  r ^ - v e c to r  v a lu e d  l o c a l  c o n t r o l  in p u t  t o  su b sy s tem  S^, 
w^ i s  th e  l o c a l  p la n t  d i s t u r b a n c e  n o i s e  and th e  l o c a l  o b s e r v a t io n  
n o is e  a t  S^. The i n i t i a l  s t a t e ,  x ^ ( t Q, •)» i s  assumed t o  b e  a g a u ss la n  
random v e c t o r  w i th  mean x ° ,  and  c o v a r ia n c e  The n o i s e  p r o c e s s e s
a r e  assumed t o  be  g a u ss la n  w h i t e  p ro c e s s e s  w i th  ze ro  means and
One can e n v i s i o n  s i t u a t i o n s  i n  which i t  i s  o f  I n t e r e s t  to  d e te rm in e  
op tim al d eco m p o s it io n s  o f  a  system  i n t o  su b sy s tem s . However, th ro u g h ­
ou t th i s  p a p e r  It Is assumed t h a t  the  d eco m p o s i t io n  Is g iv e n .
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c o v a r ia n c e s  and r e s p e c t i v e l y .  V ar io u s  independence  assum ptions  
between th e  s t o c h a s t i c  v a r i a b l e s  w i l l  be  needed . U nless  o th e rw is e  
s t a t e d  to  th e  c o n t r a r y  i t  w i l l  be  assumed t h a t  th e  n o i s e  p ro c e s s e s  i n  
a r e  s t o c h a s t i c a l l y  in d e p en d e n t  from th o s e  in  f o r  a l l  i ^ j  and t h a t  
f o r  i= j  th e  p l a n t  d i s tu r b a n c e  n o i s e  and o b s e r v a t io n  n o i s e  a r e  in d ep en ­
d e n t .  A l l  n o i s e  p r o c e s s e s  a r e  assumed t o  b e  in d e p en d e n t  o f  th e  i n i t i a l  
s t a t e ,  and th e  i n i t i a l  s t a t e  o f  i s  assumed t o  be  in d ep en d en t o f  th e  
i n i t i a l  s t a t e  o f  f o r  a l l  i ^ j . F i n a l l y ,  w i th o u t  l o s s  o f  g e n e r a l i t y ,  
i t  i s  assumed t h a t  th e  o b s e r v a t io n  n o i s e  p r o c e s s e s  a r e  n o n d e g en e ra te  
and th u s  th e  i = l , 2 , . . . N  a r e  p o s i t i v e  d e f i n i t e .
From e q u a t io n s  ( 1 .5 - 1 .6 )  i t  i s  s e e n  t h a t  in  g e n e r a l  we assume 
t h a t  t h e  l o c a l  o b s e r v a t io n s  a t  subsys tem  c o n s i s t  o f  p a r t i a l  o b s e r ­
v a t io n s  on th e  l o c a l  s t a t e  v e c t o r  and th e  i n t e r a c t i o n  in p u t  t o  S^. In  
a d d i t i o n ,  from ( 1 .3 )  and (1 .4 )  i t  sh o u ld  b e  n o te d  t h a t  we a r e  assum ing 
t h a t  th e  c o n t r o l  s i g n a l s  a r e  l o c a l i z e d .  T ha t i s ,  th e  c o n t r o l  in p u t  to  
i n f l u e n c e s  t h e  s t a t e  o f  S_. j ^ i  o n ly  th ro u g h  i t s  i n f l u e n c e  on th e  
s t a t e  o f  and th e  su b se q u e n t  e f f e c t  o f  x^ on x ^ . T h is  would a p p ea r  
to  b e  a  v a l i d  a ssu m p tio n  f o r  a  r e a s o n a b ly  l a r g e  c l a s s  o f  sy s tem s .
I t  i s  o f t e n  n e c e s s a ry  to  c o n s id e r  t h e  n - v e c to r  v a lu e d  com posite
* A Ns t a t e  v e c t o r ,  x = [x{ x£ . . .  XjJ] , n » and to  u8e p r o j e c ­
t i o n s  P„ . : Rn-+ Rn ^ d e f in e d  by t h e  r u l e  X, l
* N n-Rn and HR 1 a r e  d i f f e r e n t  o b j e c t s  b u t  a r e  t r i v i a l l y  isom orph ic  and
i= l
hence  no d i s t i n c t i o n  i s  made betw een them. For b r e v i t y  we u s u a l l y  w r i t e
Un iii p l a c e  o f  ^ lln^.
1 i - i
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C l e a r l y ,  th e  m a t r ix  r e p r e s e n t a t i o n  o f  Pv . on th e  c a n o n ic a l  b a se s  f o r
a , 1
Rn and Rni  i s  g iv e n  by
[0 0 . . .  0 I  0 . . .  0 0]
n i
w here in  i s  th e  c a n o n ic a l  r e p r e s e n t a t i o n  o f  t h e  I d e n t i t y  on Rn i  and
th e  0 ' s  a r e  a p p r o p r i a t e l y  d im ensioned  n u l l  m a t r i c e s .  S in c e  no c o n fu s io n
i s  l i k e l y  to  r e s u l t ,  no d i s t i n c t i o n  i s  made betw een  Pv . and th e  m a t r ixa , l
r e p r e s e n t a t i o n  g iv e n  above. A n o th e r  map which i s  u s e f u l  n o t a t i o n a l l y
i s  th e  map from Rn i  to  Rn which t a k e s  x_̂  i n  Rn * i n t o  (0 0 . . . x ^  0 . . . 0  0)
N nin  ^ j R  i  w here  t h e  nonzero  e n t r y  a p p e a rs  in  th e  i - t h  p o s i t i o n .  I t  i s  
r e a d i l y  seen  t h a t  th e  c a n o n ic a l  r e p r e s e n t a t i o n  o f  t h i s  map i s  Pv . ’ .A, i
S im i l a r ly  i t  i s  o f t e n  n e c e s s a ry  to  c o n s id e r  t h e  v e c t o r  v a lu ed
» N
com posite  o b s e r v a t io n  y = [y^ y^ y^] e^0^R ^i, and t h e  p r o j e c t i o n
Pv Rq (= II R^^-. A c o r re sp o n d in g  c o n v en t io n  i s  fo l lo w ed  f o r
r  N r
th e  com posite  c o n t r o l  v e c to r ,  me R (=jn iRr i )  , and th e  p r o j e c t i o n  P^
A sch e m a tic  r e p r e s e n t a t i o n  d e l i n e a t i n g  th e  s t r u c t u r e  o f  th e  
system s c o n s id e re d  in  t h i s  p ap er  i s  g iv en  in  F ig u r e  1 .3  i n  which o n ly  
th e  p l a n t  and th e  p r o b a b i l i t y  sp a c e  a r e  shown and th e  s t o c h a s t i c  s i g n a l  
5^ i s  u sed  to  r e p r e s e n t  (w^, ^ * )) •  N ote  t h a t  e s s e n t i a l l y  no
l o s s  o f  g e n e r a l i t y  i s  e n t a i l e d  i n  t h e  a ssu m p tio n  t h a t  t h e  in te r c o n n e c ­
t i o n  g r id  i s  s t a t i c — i f  t h i s  i s  n o t  th e  c a se  th e  in t e r c o n n e c t io n  dynam­
i c s  may b e  in c o r p o r a te d  i n t o  a  f i c t i t i o u s  ( u n c o n t r o l l e d )  subsystem .
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F ig .  1 .3  A l a r g e - s c a l e  s t o c h a s t i c  sy s tem .
The in f o r m a t io n  d e s c r ib in g  a  system  o f  t h e  above form i s  most 
n a t u r a l l y  composed o f  t h r e e  c l a s s e s :  (1) subsys tem  model d a t a  1 ^  =
{f , L^, H^}, (2) s t a t i s t i c a l  p a ra m e te rs  r e p r e s e n t i n g  knowledge con­
c e r n in g  t h e  - s t o c h a s t i c  p ro c e s s e s  Ipp  “  { x ° ,  W.̂ ., N^} , and (3) o n -
i
l i n e  d a ta  o b ta in e d  from o b s e r v a t io n s  on t h e  o p e r a t i n g  sy s tem , 1 ^  ( t ) =
i
m ^ ( t)}  . D a ta  from c l a s s e s  (1 ) and (2) can b e  used  in  th e
S t a t i c  i s  used  h e re  in  th e  s e n s e  o f  nondynamic. T h i s ,  o f  c o u r s e ,  does 
n o t  e l im in a te  th e  case  w here in  t h e  L^. a r e  t im e -v a ry in g .
" p la n n in g "  o r  p r e - o p e r a t i o n a l  phase  o f  c o n t r o l l e r  im p lem e n ta t io n ;  w here­
as  d a t a  from c l a s s  (3 ) can b e  used  on ly  in  t h e  o n - l i n e  p h ase .  One can , 
o f  c o u r s e , , c o n s id e r  an  a d a p t iv e  s i t u a t i o n  i n  which o n - l i n e  m easurem ents  
a r e  u t i l i z e d  to  improve th e  c o n t r o l l e r  p e rfo rm an ce . However, t h e  d e c i ­
s io n  r u l e  o r  s t r a t e g y  used  in  im plem enting  t h i s  a d a p t iv e  p ro ce d u re  must 
be  d e s ig n e d  in  th e  p la n n in g  p hase  u s in g  o n ly  in fo r m a t io n  from c l a s s e s  
(1) and (2 ) .
The v iew p o in t  tak en  in  t h i s  p ap e r  and t h e  c o n s t r a i n t s  imposed on 
th e  v a r io u s  c o n t r o l l e r  s t r u c t u r e s  a r e  m o t iv a te d  by problem s from th e  
a r e a s  o f  e l e c t r i c  energy  sy s te m s ,  t r a n s p o r t a t i o n  sy s te m s ,  and p ro c e s s  
c o n t r o l  sy s tem s . In  each o f  t h e s e  a r e a s  problem s h av in g  th e  s t r u c t u r e  
o u t l i n e d  above can o c cu r  q u i t e  n a t u r a l l y .  The e l e c t r i c  u t i l i t y  i n ­
d u s t r y  w i th  i t s  more th a n  3000 in te r c o n n e c te d  su b sy s tem s, i t s  numerous 
power p o o l s ,  and w ide d i v e r s i t y  o f  owners t r u l y  c o n s t i t u t e s  a l a r g e -  
s c a l e  system . Many proposed  u rb an  t r a n s p o r t a t i o n  system s i n c o r p o r a t e  
a l a r g e  number o f  p r i v a t e l y  occu p ied  v e h i c l e s  d r iv e n  a t  r e l a t i v e l y  
h ig h  speed  under computer c o n t r o l  on a  s i n g l e  au tom ated  guideway. I f  
one fo rm u la te s  th e  c o n t r o l  p rob lem  f o r  such  a t r a n s p o r t a t i o n  sy s tem  as 
t h a t  o f  m a in ta in in g  a  p r e s p e c i f i e d  p a t t e r n  o r  s p a c in g  betw een  th e  
v e h i c l e s ,  a  system  h av in g  e s s e n t i a l l y  th e  above s t r u c t u r e  r e s u l t s .  Of 
c o u rs e ,  i n  th e  p ro c e ss  c o n t r o l  a r e a  t h e  v a r io u s  p r o c e s s in g  s t a g e s  a r e  
u s u a l l y  c a r r i e d  o u t  in  u n i t  o p e r a t io n s  w h e re in  each u n i t  o r  subsys tem  
has  i t s  own l o c a l  c o n t r o l l e r .  Thus p ro c e s s  c o n t r o l  problem s f i t  q u i t e  
n a t u r a l l y  i n t o  th e  above s t r u c t u r e .
I n  th e  m a jo r i ty  o f  system  m o n i to r in g  and c o n t r o l  t e c h n i q u e s ,  I t  
i s  n e c e s s a ry  to  e s t i m a te  th e  s t a t e  o f  t h e  system  from n o isy  o u tp u t  
s i g n a l s .  C hap te r  I I  fo cu ses  a t t e n t i o n  on t h i s  f i l t e r i n g  problem and
I t  I s  shown t h a t  under c e r t a i n  n a t u r a l  com plex ity  c o n s t r a i n t s  th e  de­
c e n t r a l i z e d  f i l t e r  can be  r e a l i z e d  v i a  a  c o m p u ta t io n a l ly  s im p le  modi­
f i c a t i o n  o f  th e  s ta n d a r d  Kalman f i l t e r i n g  R i c c a t i  e q u a t io n  com puta tions  
In  a d d i t i o n ,  i t  i s  n o te d  t h a t  t h i s  f i l t e r  i s  e q u iv a le n t  to  th e  Kalman 
f i l t e r  s u b j e c t  to  a p p r o p r i a t e  ’’l o c a l  m odeling"  o f  th e  i n t e r a c t i o n s  as 
w h i te  n o i s e  p r o c e s s e s .  Of c o u rs e ,  t h e  o p t im a l  d e c e n t r a l i z e d  f i l t e r  i s  
su b o p t im a l  r e l a t i v e  to  t h e  f i l t e r  u t i l i z i n g  c e n t r a l i z e d  in fo r m a t io n  and 
t h i s  m o t iv a te s  th e  d i s c u s s io n  o f  methods f o r  e v a lu a t in g  t h i s  s u b o p t i ­
m a l i t y .  I t  i s  shown t h a t  f o r  t i m e - i n v a r i a n t  system s i f  a c e r t a i n  
o b s e r v a b i l i t y  c o n d i t io n  i s  s a t i s f i e d ,  th e n  th e  d e g r a d a t io n  o f  th e  
f i l t e r  perfo rm ance  due t o  d e c e n t r a l i z e d  in fo r m a t io n  ap p ro ach es  a 
bounded s te a d y  s t a t e  v a lu e .
I n  C h ap te r  I I I  t h e  c o n t r o l  problem  i s  c o n s id e re d .  Ap i n  t h e  
c a se  o f  t h e  d e c e n t r a l i z e d  f i l t e r ,  co m p lex ity  c o n s t r a i n t s  a r e  imposed on 
th e  c o n t r o l l e r  s t r u c t u r e  and a v a r i a t i o n a l  approach  i s  used  t o  d e r iv e  
n e c e s s a r y  c o n d i t io n s  f o r  t h e  o p t im a l  p a ra m e te r s .  A s im p le  and a p p a re n t  
ly  new d e r i v a t i o n  o f  th e  s e p a r a t i o n  p r i n c i p l e  f o r  c e n t r a l i z e d  in fo rm a­
t i o n  p a t t e r n s  i s  g iven  and th e  a p p l i c a b i l i t y  o f  a  s e p a r a t i o n  p r i n c i p l e  
in  t h e  d e c e n t r a l i z e d  c a s e  i s  d i s c u s s e d .
I n  an e n g in e e r in g  approach  to  problem s o f  d e c e n t r a l i z e d  c o n t r o l ,  
one o f t e n  ta k e s  th e  ap p roach  o f  m odeling  th e  I n t e r a c t i o n .  Then th e  
problem  o f  c o n t r o l l e r  d e s ig n  i s  l o c a l i z e d - - f o r  exam ple, th e  i n f i n i t e -  
bus a n a l y s i s  o f  e l e c t r i c  power sy s te m s .  T h is  approach  i s  c o n s id e re d  
in  C h a p te r  IV and i t  i s  shown t h a t  a c o n t r o l l e r  hav ing  a  p a r t i c u l a r l y  
a t t r a c t i v e  s t r u c t u r e  r e s u l t s  i f  t h e  i n t e r a c t i o n  models a r e  ta k en  from 
a c e r t a i n  c l a s s .  The s t r u c t u r a l  p r o p e r t i e s  and a d e s ig n  p ro ced u re  f o r  
c o n t r o l l e r s  based  on t h i s  te c h n iq u e  a r e  c o n s id e re d .  I n  C h ap te r  V
c o n c lu s io n s  and s u g g e s t io n s  f o r  f u r t h e r  r e s e a r c h  a r e  g iv en .
In  a d d i t i o n  to  some im p o r ta n t  in t e r m e d ia te  r e s u l t s ,  th e  
a p p e n d ic e s  g iv e  perfo rm ance  d a t a  f o r  the  a p p l i c a t i o n  o f  th e  d e c e n t r a l ­
iz e d  f i l t e r  to  a tw o -a rea  power system .
CHAPTER I t
DECENTRALIZED FILTERING VIA CONSTRAINED FILTERS 
I * I n t r o d u c t io n
One of th e  fundam enta l problem s c o n f r o n t in g  any d e c i s io n  maker i s  
t h a t  of p r o c e s s in g  in fo rm a t io n  o b ta in e d  from o b s e r v a t io n s  which a re  
c o r ru p te d  by unknown and unm easurab le  s i g n a l s  ov e r  which he has no con­
t r o l -  This  v e ry  o ld  problem in  system s s c ie n c e  can be t r a c e d  to  Gauss 
in  h i s  a s t r o n o m ic a l  s t u d i e s  [28-29] and c o n t in u e s  to  be th e  s u b j e c t  o f  
a l a r g e  amount o f  r e s e a r c h — se e  [30] f o r  an e x e c e l l e n t  b ib l io g r a p h y  on 
t h i s  s u b je c t .
The modern approach  to  s t a t e  e s t i m a t i o n  r e c e iv e d  i t s  i n i t i a l  
im petus  from W iener [31] and Kolmogorov [32] in  t h e i r  s t u d i e s  d u r in g  
t h e  e a r l y  1 9 4 0 's .  With th e  a d v en t  o f  th e  s t a t e  concep t in  th e  e a r l y  
1 9 6 0 's  Kalman [33] and Kalman and Bucy [34] ex tended  th e  W iener-  
Kolmogorov r e s u l t s  and d e v ise d  e f f i c i e n t  a lg o r i th m s  f o r  th e  d i g i t a l  
im p lem en ta tio n  o f  th e  e s t i m a t o r .
From th e  c o n t r o l  v ie w p o in t ,  i n t e r e s t  in  s t a t e  e s t im a t io n  stem s 
from th e  f a c t  t h a t  in  o rd e r  to  a c c u r a t e ly  c o n t r o l  a system  i t  i s  o f te n  
n e c e s sa ry  t h a t  a c c u r a t e  e s t i m a te s  o f  th e  system  s t a t e  be a v a i l a b l e .
Thus, e s t i m a t i o n  i s  u s u a l l y  a  f i r s t  s t e p  in  th e  im p lem en ta t io n  of a 
c o n t r o l  s t r a t e g y .  M oreover, i t  has  been  shown [35-37] t h a t  i n  th e  case  
o f  l i n e a r  s y s te m s ,  g a u s s la n  n o i s e  p r o c e s s e s ,  q u a d r a t i c  perfo rm ance  
f u n c t i o n a l s ,  and c e n t r a l i z e d  in fo rm a t io n  p a t t e r n s  th e  o p t im a l  c o n t r o l l e r  
s t r u c t u r e  c o n s i s t s  o f  a c o n d i t i o n a l  mean e s t i m a t o r  in c a s c a d e  will) th e
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o p t im a l  d e t e r m i n i s t i c  c o n t r o l l e r .  R e c e n t ly ,  Brooks [38-39] has formu­
l a t e d  th e  s t o c h a s t i c  c o n t r o l  problem  a s  a minimum norm problem in H i l ­
b e r t  s p a c e ,  and has ex tended  th e  s e p a r a t io n  theorem  to  the- case  In 
which th e  on ly  re q u ire m e n ts  on th e  s t o c h a s t i c  p ro c e s s e s  a r e  t h a t  th ey  
have f i n i t e  H i l b e r t  norms and in d ep en d en t in c re m e n ts .  However, a cen­
t r a l i z e d  in fo r m a t io n  p a t t e r n  i s  assumed. The c a se  o f  n o n c l a s s i c a l  i n ­
fo rm a tio n  p a t t e r n s  has  been  s tu d ie d  p r im a r i ly  by W itsenhausen  [AO] who 
has shown t h a t  in  g e n e r a l  th e  s e p a r a t io n  theorem  does n o t  ho ld  in  th e s e  
c a s e s .  N e v e r th e le s s ,  in  t h i s  c h a p te r  th e  f i l t e r i n g  problem i s  con­
s i d e r e d  s e p a r a t e l y  from any c o n t r o l  s t r a t e g y .  J u s t i f i c a t i o n  fo r  such 
an approach  in  th e  l i g h t  o f  W its e n h a u se n 's  r e s u l t s  a r e :  (1) in  a number 
o f  a p p l i c a t i o n s  one i s  i n t e r e s t e d  on ly  in  t r a c k i n g  th e  s t a t e  o f  th e  
system  and th u s  th e  c o n t r o l  problem  does n o t  e n t e r  i n t o  c o n s id e r a t io n ,  
and (2) even though th e  s e p a r a t i o n  theorem  may le a d  to  su b o p tim a l con­
t r o l l e r s ,  i t  may be th e  b e s t  f e a s i b l e  a p p ro a ch /  v i z . ,  a  c o n t r o l l e r  
s t r u c t u r e  in  which th e  c o n t r o l l e r  and f i l t e r  s e c t i o n s  can n o t  be  de­
s ig n e d  s e p a r a t e l y  may be to o  d i f f i c u l t  to  im plem ent.
In  t h i s  c h a p te r  a s  w e l l  a s  th e  m a jo r i t y  o f  t h e  rem a in d er  o f  th e  
p aper  v a r i a t i o n a l  te c h n iq u e s  a r e  employed to  d e te rm in e  th e  o p tim a l 
e lem ent in  a  c l a s s  o f  s t r u c t u r a l l y  c o n s t r a in e d  f i l t e r s .  The o r i g i n a l  
s t o c h a s t i c  o p t im iz a t io n  problem i s  re fo rm u la te d  i n t o  a  d e t e r m i n i s t i c  
o p t im a l  c o n t r o l  problem  v i a  th e  fo l lo w in g  s t e p s :  (1) choose a c l a s s  o f  
irap lem entab le  f i l t e r  s t r u c t u r e s ,  (2) p a ra m e te r iz e  t h i s  c l a s s  o f  s t r u c ­
t u r e s ,  (3) r e f o r m u la te  t h e  c o s t  f u n c t i o n a l  and system  dynamics in  term s 
o f  th e  p a ra m e te rs ,  and (4) r e g a rd in g  th e  p a ra m e te rs  as c o n tro l  v a r i ­
a b l e s ,  apply  te c h n iq u e s  from d e t e r m i n i s t i c  c o n t r o l  th eo ry  to  derive* 
n e c e s sa ry  c o n d i t io n s  f o r  o p t i m a l i t y .
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T his  approach  has been  used  by A thans and Tse [41] to  g iv e  a 
d i r e c t  d e r i v a t i o n  o f  th e  o p t im a l  l i n e a r  c e n t r a l i z e d  f i l t e r .  An obv ious  
ad v an tag e  o f  such an approach  i s  t h a t  th e  r e s u l t i n g  f i l t e r  s t r u c t u r e  
i s  im p lem en tab le .  As a m a t t e r  o f  f a c t  t h i s  approach  i s  in  th e  same 
s p i r i t  as t h a t  o f  Jo h an sen  [42] and SimB [43] and a l lo w s  one to p la c e  
co m plex ity  c o n s t r a i n t s  on th e  r e s u l t i n g  f i l t e r s .  An o b v ious  d is a d v a n ta g e  
to  such  a  te c h n iq u e  i s  th e  f a c t  t h a t  u n le s s  th e  o p t im a l  u n c o n s t r a in e d  
f i l t e r  l i e s  in  th e  chosen  c l a s s ,  t h e  r e s u l t i n g  f i l t e r  w i l l  be  s u b -  
o p t im a l  r e l a t i v e  t o  t h i s  u n c o n s t r a in e d  f i l t e r .  In  a d d i t i o n ,  even though 
th e  s t r u c t u r a l  c l a s s  i s  im p lem en tab le ,  th e  o p t im a l  e lem en t may n o t  e x i s t  
o r  i f  i t  does e x i s t  th e  c o n d i t io n s  s p e c i f y i n g  t h i s  e lem en t may be to o  
complex to  u se  as  d e s ig n  t o o l .
For co m p le ten e ss ,  e a se  o f r e f e r e n c e ,  and to  i l l u s t r a t e  th e  v a r i ­
a t i o n a l  t e c h n iq u e ,  th e  c h a p te r  b e g in s  w i th  a d i r e c t  d e r i v a t i o n  o f  
th e  o p t im a l  f i l t e r  under th e  c e n t r a l i z e d  in fo r m a t io n  p a t t e r n  in  which 
th e  in fo r m a t io n
'  A  {IMD.Ux i  i
i s  a v a i l a b l e  a t  a c e n t r a l  l o c a t i o n .  N e x t ,  a  n a t u r a l  c l a s s  o f  co m plex ity  
c o n s t r a in e d  f i l t e r s  i s  in t ro d u c e d  f o r  th e  c a s e  o f  c o m p le te ly  decen­
t r a l i z e d  in fo r m a t io n  and i t  i s  shown t h a t  th e  o p t im a l  f i l t e r  in  t h i s  
c l a s s  can be  o b ta in e d  from a  c o m p u ta t io n a l ly  s im p le  m o d i f i c a t i o n  of 
t h e  s t a n d a r d  Kalman f i l t e r i n g  R i c c a t i  e q u a t io n  c o m p u ta t io n s .  E v a lu a t io n  
o f  t h e  pe rfo rm ance  o f  t h i s  d e c e n t r a l i z e d  f i l t e r  i s  th e n  c o n s id e re d  and 
i t  i s  shown t h a t  f o r  tim e i n v a r i a n t  system s a c e r t a i n  o b s e r v a b i l i t y  
c o n d i t io n  g u a ra n te e s  t h a t  th e  perform ance  l o s s  due to  d e c e n t r a l i z a t i o n  
ap p ro ach es  a bounded s te a d y  s t a t e  v a lu e .
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I I . The C e n t r a l i z e d  F i l t e r  (41]
C o n s id e r  th e  c l a s s i c a l  c a se  in  which the  p l a n t  Is  l i n e a r ,  th e  
c o s t  f u n c t i o n a l  q u a d r a t i c ,  and th e  in fo rm a t io n  p a t t e r n  c e n t r a l i z e d .
That i s ,  f o r  each 1 = 1 , 2 , . . . , N
f ± (x , u . mi , t )  = A±x 1 + I-jj.u. + ( 2 .1 )
Li (X) = j S .  ^ * 3  ( 2 ‘ 2)
j * i
V Zi } = Hi z i  ( 2 ‘ 3)
w h ere in  A^, B^, H^, and i , j = l , 2 , . . . ,N a r e  a p p r o p r i a t e l y  dimen­
s io n e d  m a t r i c e s  w i th  r e a l - v a l u e d  e n t r i e s  which a r e  c o n tin u o u s  on th e  
i n t e r v a l  [ t Q, t ^ ] .  The l o s s  fu n c t io n  which i s  to  m easure  th e  f i l t e r  
perfo rm ance  i s  d e f in e d  by
J ( t )  = ^ { | | e ( t ,  *)| | q > ( 2 .4 )
w h ere in  th e  e s t i m a t i o n  e r r o r ,  e ( t ,  ' )>  i s  th e  random v a r i a b l e  d e f in e d  
by
e ( t ,u O  = x ( t , w) -  x ( t ,m )
x ( t ,  - )  i s  th e  f i l t e r  o u tp u t ,  i s  t h e  a p r i o r i  e x p e c ta t io n  o p e r a to r ,  
and Q i s  an nxn p o s i t i v e  d e f i n i t e  m a t r i x .  The c e n t r a l i z e d  in fo rm a t io n  
p a t t e r n  im p l ie s  t h a t  t h e r e  e x i s t s  a  s i n g l e  f i l t e r  which h a s  in fo rm a t io n  
I c ( t )  as d e f in e d  in  th e  p re v io u s  s e c t i o n .
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U sing th e  above subsystem  dynamics and t h e  f a c t  t h a t  th e  com posite  
s t a t e  v e c t o r  can be  w r i t t e n
N
i t  i s  r e a d i l y  shown t h a t  the  dynam ics fo r  th e  o v e r a l l  p ro cess  a r e  g iven  
by






and w = [wj w^ . . .  w^]
Note t h a t  s i n c e  th e  in fo rm a t io n  i s  c e n t r a l i z e d ,  t h e  f i l t e r  has  th e  
n e c e s sa ry  d a t a  from which to  c o n s t r u c t  A and m. S im i la r ly  t h e  e q u a t io n  
d e s c r ib in g  th e  o b s e r v a t io n  p r o c e s s ,  ( 2 .3 ) ,  may b e  w r i t t e n
dy(t,( i)) = H x ( t ,u i )  d t  + dn ( 2 .6 )
w herein
H -  £  LI ]
and p = [n i  Tl2 • • • n ^ ] '
As b e f o r e ,  th e  c e n t r a l i z e d  in f o r m a t io n  p a t t e r n  im p l ie s  t h a t  t h e  o n - l i n e
d a t a ,  I qjj ( t ) ,  and th e  model p a ra m e te r s  a r e  a v a i l a b l e  to  th e  f i l t e r  and 
i
en ab le  i t  to  form th e  above co m p o s i te  o b s e r v a t io n  v e c to r .
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Now l e t  t h e  c l a s s  o f  Im plem entable  f i l t e r s  be  th o se  t h a t  a re  
l i n e a r ,  smooth n - t h  o r d e r  dynamic system s w hich g iv e  u n b ia sed  e s t im a te s .  
That i s ,  t h e  c l a s s  o f  f i l t e r s  i s  s p e c i f i e d  by
: x ( t ,w )  m F x ( t , tu )  + C m (t,m ) + G y(t,( ji)  (2 .7 )
w here in  F, G, C a r e  co n t in u o u s  r e a l - v a lu e d  m a t r i c e s  on [ t o , t ^ ] ,  and
# { e ( t ,  •)} * 0 V t  e [ t Q, t f ] ( 2 .8 ) .
Using (2 .5 )  and (2 .7)  i t  i s  e a s i l y  shown t h a t  th e  e s t i m a t i o n  e r r o r  
s a t i s f i e s
e(t,oi) = Fe(t,cu) + (A-F-GH)x(t,w) + (I-C)m(t,m)
+ w -  Gn (2.9)
R e c a l l  t h a t  th e  e x p e c ta t io n  o p e r a t io n  r e p r e s e n t s  an i n t e g r a l  and 
under  c e r t a i n  r e a s o n a b le  c o n d i t io n s  ( s e e  [78] , p .  46) commutes w ith  th e  
o p e r a t io n  o f  d i f f e r e n t i a t i o n  w ith  r e s p e c t  t o  th e  p a ra m e te r  t .  Thus
<g?{e(t,')} = <?{e(t,‘)> (2 . 1 0 )
Now, i f  <£P{e(t, *)} = 0 f o r  each t  e [ t Q, t f ] th e n  f o r  each t  i t  fo l lo w s  
*
t h a t  < £ ? { e ( t ,* )}  = 0 and hence  from ( 2 .9 ) ,  ( 2 .1 0 ) ,  and th e  f a c t  t h a t  
w and n a r e  z e ro  mean p r o c e s s e s  i t  fo l lo w s  t h a t  a n e c e s sa ry  c o n d i t io n  
f o r  u n b ia se d  e s t im a te s  i s
0 - (A-F-GH)#{x(t  ,*)■}+ ( I C) ^ { m U / M
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T h e r e f o r e ,  in  g e n e r a l ,  n e ce s sa ry  c o n d i t io n s  f o r  u n b ia se d  e s t i m a te s  a re
F = A -  G H
( 2 . J 1)
C = I
In add it ion ,  l e t t i n g  in (2 .8 )  r e s u l t s  in the condition
ox ( t o ,(,j) = x Vweft (2 .1 2 )
On th e  o th e r  hand  us in g  c o n d i t i o n s  (2 .11 )  and (2 .1 2 )  i n  ( 2 .9 )  i t  
fo l lo w s  th a t
<gP*{e(t, •)}=  F <g>{ e ( t , - ) )
< f { e ( t ,  O ) ( t o ) = 0.
T h e r e f o r e ,  c o n d i t io n s  (2 .1 1 )  and (2 .1 2 )  a re  a l s o  s u f f i c i e n t  f o r  un­
b ia s e d  e s t i m a te s .  Thus th e  c l a s s ,  s r ,  o f  f i l t e r s  o v e r  which th e  
o p t im iz a t io n  i s  to  b e  perform ed i s  c h a r a c t e r i z e d  by th e  s t o c h a s t i c  
d i f f e r e n t i a l  e q u a t io n  
•
x ( t , ( jJ) = A x ( t , tij) + G{y(t,u)> -  H x ( t , ( j j ) [+  m(t,io)
Q (2 .1 3 )
x ( t o ,(D) = x  V uefi
w h e re in  th e  f i l t e r  g a i n ,  G, rem ains  t o  be chosen i n  an o p tim a l manner 
r e l a t i v e  to  th e  l o s s  f u n c t io n a l  d e f in e d  in  ( 2 . 4 ) .  To t h i s  en d , l e t  V (t)  
d e n o te  t h e  c o v a r ia n c e  o f  th e  e s t i m a t i o n  e r r o r .  S in c e  th e  e s t i m a te s  a re  
u n b ia s e d ,  V (t)  i s  g iv e n  by
V ( t )  = <o*{e(t, * ) e ' ( t , •)} (2 .1 4 )
U sing th e  well-known f a c t  t h a t  x 'A x  = T race(A xx ')  we have f o r  each 
t | ,  [Lo . l : r ]
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^ >{ | |e ( t1, ) | | q> = trfQ <g,{e(t1 >*)e'(C1 , -)))
and t h e r e f o r e
J ( t x) = tr{QV(t1)}  (2 .15)
In  o rd e r  t o  fo rm u la te  t h e  o p t im iz a t io n  problem in  a  c o n t r o l -  
t h e o r e t i c  s e t t i n g  i t  i s  u s e f u l  t o  d e r iv e  a  dynam ical e q u a t io n  which 
r e f l e c t s  th e  e f f e c t  o f  th e  p a ra m e te r  G on t h e  e r r o r  c o v a r ia n c e .  Note
t h a t
V ( t )  = <£?{e(t, * ) e ' ( t , •) + e ( t , * ) e ( t ,■ ) )  (2 .1 6 )
and t h a t  f o r  th e  c a s e  o f  u n b ia se d  e s t im a te s  (2 .9 )  becomes
e ( t , u )  = (A-G H )e(t,w ) + w -  Gn (2 .1 7 )
T h e re fo re  u s in g  t h e  f a c t  t h a t  t h e  e x p e c t a t i o n  i s  a l i n e a r  o p e r a t o r ,  
t h e  f i r s t  term  i n  (2 .1 6 )  can  b e  w r i t t e n
{ e ( t , ’ ) e* ( t , ‘ ) } = (A-GH)V(t) + ( w - G n ) e ' ( t , . ) }  (2 .1 8 )
P ro ce e d in g  f o r m a l l y , s o l u t i o n s  t o  (2 .17 )  can b e  w r i t t e n  i n  te rm s o f  th e  
s t a t e  t r a n s i t i o n  m a tr ix ,  as
/
t
4*(t , t) (w—Gr|) ( t ) dr (2 .1 9 )
uO
U sing  (2 .1 9 )  and th e  f a c t  t h a t  w and n have  in d ep en d en t in c rem en ts  and
*
a r e  s t o c h a s t i c a l l y  in d e p en d e n t  from th e  i n i t i a l  s t a t e  i t  fo l lo w s  t h a t
<S?{(w-Gn) e ' ( t , - ) }  » [W + GNG’ j / 2  (2 .2 0 )
R eca ll  t h a t  w and n a re  assumed to  be s t o c h a s t i c a l l y  In d e p e n d en t .
22
The second term  in  (2 .1 6 )  i s  th e  t r a n s p o s e  o f  t h e  f i r s t  and th u s  c o l ­
l e c t i n g  th e  r e s u l t s  o f  (2 .1 8 )  and (2 .2 0 )  i n  (2 .1 6 )  y i e l d s  th e  d e s i r e d  
dynam ical e q u a t io n
V (t)  * (A-GH)V(t) + V (t)(A -G H )* + W + GNG* (2 .2 1 )
The boundary c o n d i t io n  f o r  (2 .2 1 )  may be o b ta in e d  from (2 .1 4 )  and (2 .1 2 )
V ( tQ) = < f { e ( to , - ) e ' ( t o> -)}
• ^ C ( x ( t Q. * ) -x ° )  ( x ( t o , - ) - x ° )  }
o r  u s in g  th e  c o v a r ia n c e  o f  th e  i n i t i a l  s t a t e  o f  each and th e  f a c t  
t h a t  t h e s e  i n i t i a l  s t a t e s  a r e  g a u s s ia n  and in d e p en d e n t  t h e r e  r e s u l t s
V ( tQ) = Block D iag . {E°, 2 ° ,  . . . >  2° } = 2° (2 .2 2 )
T h e re fo re  t h e  problem  o f  o p t im iz in g  th e  f i l t e r  g a in  G may be
r e c a s t  as t h a t  o f  m in im iz in g  t h e  c o s t ,  J ,  g iv e n  i n  (2 .1 5 )  s u b j e c t  to
th e  dynam ical e q u a t io n  (2 .2 1 )  - ( 2 . 2 2 )  w i th  G b e in g  re g a rd e d  as a con­
t r o l  i n p u t .  T h is  te c h n iq u e  t h e r e f o r e  a l lo w s  one t o  c o n v e r t  t h e  o r i g i n a l
s t o c h a s t i c  o p t im iz a t io n  problem  on t h e  n -d im e n s io n a l  s t a t e  s p a c e ,  Rn ,
2to  a  d e t e r m i n i s t i c  o p t im iz a t io n  problem  i n  t h e  n -d im e n s io n a l  s t a t e  
sp a c e ,  RnxRn , and i s  s i m i l a r  i n  s p i r i t  t o  e a r l i e r  work o f  th e  a u th o r  
[44-48] r e l a t i v e  t o  t h e  c o n t r o l  o f  n o n l in e a r  s t o c h a s t i c  dynam ical
*
The a ssu m p tio n  o f  independence  betw een th e  i n i t i a l  s t a t e  o f  S. and S 
fo r  i ^ j  i s ,  o f  c o u r s e ,  n o t  n e c e s s a ry  h e r e  b u t  w i l l  be u s e f u l  in  th e   ̂
d e c e n t r a l i z e d  c a se .
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systems'*’ ( s e e  a l s o  [ 4 9 ] ) .  In  summary, th e  re fo rm u la te d  problem ta k e s
th e  form o f  a  s ta n d a rd  c o n t r o l  p rob lem  in  which th e r e  i s  o n ly  a p e n a l ty  
f o r  th e  t e r m in a l  ( t= t ^ )  s t a t e :  v i z ,
At t h i s  p o in t  one cou ld  w r i t e  t h e  c o o r d in a te - w is e  e q u a t io n s
c o n ta in e d  i n  (2 .2 1 )  and ap p ly  P o n t r y a g i n 's  p r i n c i p l e  [50] to  o b ta in
■k
n e c e s s a ry  c o n d i t io n s  f o r  t h e  o p t im a l  f i l t e r  g a in ,  G . However, Athans 
[51] has  p ro v id e d  a n o t a t i o n a l l y  u s e f u l  m a t r ix  minimum p r i n c i p l e  which 
makes i t  p o s s i b l e  to  a p p ly  P o n t r y a g i n 's  r e s u l t s  d i r e c t l y  to  problem s in  
which th e  s t a t e  i s  m ost c o n v e n ie n t ly  re g a rd e d  as  a m a t r ix .
To ap p ly  t h i s  fo rm alism  to  th e  above problem  l e t  P d e n o te  th e  nxn 
c o s t a t e  and T th e  H am il to n ian  f o r  t h e  above problem . Thus we have
Minimize (2 .1 5 )
Subject to:
V (t)  = (A-GH)V(t) + V(t)(A-GH) + W + GNG (2 .2 1 )
( 2 . 2 2 )
by c h o o s in g  G from th e  s e t  o f  c o n t in u o u s  r e a l - v a l u e d  
nxq m a t r i c e s  on
¥ = t r a c e  { V ( t ) P ' ( t ) }
= tr{(A-GH)VP' + V(A-GH)'P' +  WF ' + GNG'P1} (2 .2 3 )
- a i 1
3V
(2 .2 4 )
+ The p r im ary  d i f f e r e n c e  i s  t h a t  t h i s  r e f o r m u la t i o n  a p p l ie d  to  n o n l in e a r  
system s le a d s  to  d e t e r m i n i s t i c  o p t im iz a t io n  problems on an i n f i n i t e  




3P V ( tQ) = (2 .2 5 )
and
W.
3G = 0 (2 .2 6 )G=G
F i r s t  c o n s id e r  th e  d i f f e r e n t i a l  e q u a t io n  f o r  th e  c o s t a t e .  From (2 .2 3 )  
and th e  g r a d i e n t  m a t r ix  r e s u l t s  o f  [51] i t  fo l lo w s  t h a t
and
= (A-GH)P + P(A-GH)
3
(2 .2 7 )
av(t1)
tr{ Q V (t1)}  = Q
T h e re fo re  from  (2 .2 4 )  th e  c o s t a t e  i s  s p e c i f i e d  by t h e  d i f f e r e n t i a l  
e q u a t io n
P ( t )  = -(A -G H )P (t)  -  P ( t ) (A -G H )1 
P ( t 1) = Q
C l e a r l y ,  i f  P i s  a s o l u t i o n  to  (2 .2 7 )  th e n  P '  i s  a l s o  and t h e r e f o r e  
by u n iq u e n e s s  o f  s o l u t i o n s  t o  (2 .2 7 )  [52] i t  f o l lo w s  t h a t  P i s  a 
sym m etric  m a t r ix .  M oreover,  s i n c e  Q i s  p o s i t i v e  d e f i n i t e  i t  fo l lo w s  
t h a t  P i s  a l s o  ( s e e  Appendix  A ) .
To o b t a i n  t h e  n e c e s s a r y  c o n d i t i o n s  f o r  G n o te  t h a t  th e  H am il­
t o n ia n  can be  w r i t t e n
V = T +  t r  {GNG'P1 ~ GHVP1 -  V H 'G 'P '}  o
w h e re in  41 does  n o t  depend e x p l i c i t l y  on G. A pp ly ing  t h e  g r a d i e n t  
m a t r ix  r e s u l t s  o f  [51] and  u s in g  th e  f a c t  t h a t  P and V a r e  sym m etric
*
R e c a l l  t h a t  Q i s  sy m m etr ic .
yields
= 2PGN -  2PVH' (2 .2 8 )
Thus from (2 .2 6 )  and (2 .28 )  a n e c e s s a r y  c o n d i t io n  f o r  G to  be o p t im a l  i s
P(G*N -  Vh ' )  = 0 (2 .2 9 )
and s i n c e  P and N a r e  p o s i t i v e  d e f i n i t e  th e  n e c e s s a ry  c o n d i t i o n  (2 .29 )  
i s  e q u iv a l e n t  to
G* = VH'iT1 (2 .3 0 )
*F i n a l l y ,  u s in g  th e  above G in  t h e  dynam ical e q u a t io n  (2 .2 1 )  i t  fo llow s  
t h a t  V e v a lu a te d  a lo n g  th e  o p t im a l  t r a j e c t o r y  i s  g iv en  by
* 4
V = AV + VA’ -  VH'N HV + W , V ( tQ) = 1°  (2 .31 )
E q u a tio n s  (2 .3 0 )  and (2 .3 1 )  t o g e t h e r  w ith  (2 .1 3 )  a r e ,  o f  c o u r s e ,  th e  
w ell-known e q u a t io n s  s p e c i f y in g  t h e  Kalman f i l t e r  f o r  c e n t r a l i z e d  i n ­
fo rm a tio n  p a t t e r n s .
I I I .  A D e c e n t r a l i z e d  F i l t e r
The o p t i m a l i t y  o f  th e  Kalman f i l t e r  d e r iv e d  above when t h e  c l a s s  
o f  im p lem en tab le  f i l t e r s  i s  expanded to  in c lu d e  any f o r  w hich th e  o u t ­
pu t i s  a m e asu ra b le  fu n c t io n  w i th  r e s p e c t  t o  t h e  o - a l g e b r a  g e n e ra te d  by 
th e  p a s t  d a ta  i s  w e l l  known ( s e e  e . g .  [ 5 3 ] ) .  T h is  f a c t  i s ,  o f  c o u rs e ,  
n o t  e v id e n t  in  t h e  above d e r i v a t i o n  s in c e  th e  c l a s s  o f  f i l t e r s  over 
which th e  o p t im iz a t io n  i s  c a r r i e d  o u t  i s  r e s t r i c t e d  a p r i o r i .
However, th e r e  a r e  c e r t a i n  d is a d v a n ta g e s  t h a t  p la c e  some con­
s t r a i n t  on th e  im plem enta tion  o f  t h e  f i l t e r .  For exam ple, suppose  t hat
a decision maker, located at subsystem desires an estimate of
th e  l o c a l  s t a t e -  Two Im portan t f a c t o r s  involved  in determ  in I hg the  
c a p a b i l i t y  o f  DM̂  to  o b ta in  a c c u r a t e  e s t im a te s  o f  th e  l o c a l  sL a le  a r e :
(1) th e  In fo rm a tio n ,  T,,w ( t ) ,  a v a i l a b l e  a t  H, and (2) th e  c o m p u ta t io n a lDMj i
r e s o u r c e s  a v a i l a b l e  a t  S^. C oncern ing  ( 1 ) ,  a m u l t i t u d e  o f  c a s e s  e x i s t
r e l a t i v e  to  th e  c l a s s e s  o f  in fo r m a t io n  in t r o d u c e d  In C h ap te r  I .  That
Ni s ,  a number o f  r e l a t i o n s  be tw een I_ „  ( t )  and {I_,„ , I „  , I-,-, } . ,
DM* DM, U U . r D , J ” -L
i  j  3 J
a re  p o s s i b l e .  A n a t u r a l  a ssum ption  i s  t h a t
XD M . ^  I PD U  I 0D. t t i
i  i l l
i . e .  DPL u n d e rs ta n d s  (has a model fo r )  and o b se rv es  h i s  l o c a l  su b -  
sys tem.
R e l a t i v e  t o  (2) c o n s id e r  th e  c a se  In  which th e  in fo r m a t io n  p a t t e r n  
has th e  form
I DMi ^t ') I MDU I PDU I M ^  U l 0Di ^t ') (2 .32 )
w here N
XMD ~ .U1IMD. 
J=1 3
N
XPD = U1I PD. 
J=1 3
and N
I„ < t )  = U m . ( t )  
“  j = l J
In o t h e r  w ords , DIL has com plete  knowledge o f  th e  dynamics o f  th e  
o v e r a l l  system , th e  c o n t r o l  i n p u t s ,  and s t a t i s t i c a l  p a ra m ete rs  de ­
s c r i b i n g  the  s t o c h a s t i c  p r o c e s s e s — 1 ^  ( t )  i s  d e f i c i e n t  r e l a t i v e  to
c e n t r a l i z e d  in f o r m a t io n  only b ecau se  o f  th e  ab sen ce  o f  some o f  th e  on­
l i n e  d a ta .  Assuming t h a t  DM̂  has  u n l im i te d  c o m p u ta t io n a l  r e s o u r c e s ,  
th e  b e s t  e s t im a te  o f  th e  l o c a l  s t a t e  by DM̂  i s  o b ta in e d  as  th e  p ro ­
j e c t i o n
x l  ■ PX , i*
o f  x onto  th e  i - t h  s t a t e  sp a c e ,  Rn i ,  w ith  x b e in g  g en e ra te d  by th e  
f i l t e r  o f  s e c t i o n  I w ith  H in  ( 2 .1 2 ) ,  (2 .3 0 -2 .3 1 )  r e p la c e d  by =
H^[P^ ^ L ^ ] ' .  C o m p u ta t io n a lly  t h i s  f i l t e r  i s  e s s e n t i a l l y *  a s  d i f f i ­
c u l t  to  Implement as the  c e n t r a l i z e d  f i l t e r  s i n c e  DM̂  njust s o lv e  a 
R i c c a t i  e q u a t io n  o f th e  same d im e n s io n a l i ty  as  in  th e  c e n t r a l i z e d  case  
and must implement a dynam ical system  (2 .1 2 )  o f  t h e  same d im e n s io n a l i ty  
as  th e  o v e r a l l  sy s tem .
I n  a d d i t i o n  to  th e  c o m p u ta t io n a l  d i f f i c u l t i e s  d is c u s s e d  above, 
th e  in fo rm a t io n  p a t t e r n  in  a number o f  a p p l i c a t i o n s  i s  much s m a l l e r  
th a n  t h a t  g iven  i n  ( 2 .3 2 ) .  In  t h i s  s e c t i o n  we b e g in  by p la c i n g  ex­
p l i c i t  c o n s t r a i n t s  on th e  f i l t e r  s t r u c t u r e  t o  r e f l e c t  f a c t o r s  (1) and 
( 2 ) .  Then th e  v a r i a t i o n a l  te c h n iq u e  i s  employed to  d e r iv e  t h e  o p tim a l 
f i l t e r  in  th e  chosen  c l a s s .  The in fo rm a t io n  p a t t e r n  chosen i s  th e  
b a s i c  " lo c a l i z e d "  p a t t e r n
I D M . ^  " I MD U I PD U I 0 D . ^  (2 .33 )
l  i  i  l
and th e  c o m p u ta t io n a l  re s o u rc e s  a v a i l a b l e  a r e  assumed to  be  s u f f i c i e n t  
to  implement a  dynam ical system  o f  o rd e r  n^ , t h e  o r d e r  o f  t h e  l o c a l
For a  com prehensive s tu d y  o f  t h e  c o m p u ta t io n a l  e f f o r t  in v o lv e d  in  
im plem enting th e  c e n t r a l i z e d  f i l t e r  s e e  [5 4 ] .  Some r e s u l t s  a r e  
a v a i l a b l e  on re d u c in g  th e  c o m p u ta t io n a l  e f f o r t  [5 5 ] .
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system . Thus, in  th e  absence  of any i n t e r c o n n e c t i o n s ,  DM̂  i s  capab le  
of p e r fo rm in g  o p t im a l  f i l t e r i n g  on S^. The c o l l e c t i o n  o f  l o c a l  f i l t e r s  
i s  re g a rd ed  as a d e c e n t r a l i z e d  f i l t e r  f o r  th e  o v e r a l l  system  and hence 
the  c o s t  f u n c t io n a l  i s  d e f in e d  by
J = Oil*}
w herein  th e  f a c t  t h a t  each DM̂  i = l , 2 , . . . N  i s  on ly  i n t e r e s t e d  in  e s t i ­
m ating  h i s  l o c a l  s t a t e  i s  made e x p l i c i t  by assuming
Q = Q1 + Q2 + . . .  + Qn
O
w ith  each  an n^xn^ sym m etric  p o s i t i v e  d e f i n i t e  m a t r ix  and + d e n o t in g  
th e  d i r e c t  sum o f  th e  Q ^ 's ‘ An a l t e r n a t e  e x p re s s io n  f o r  Q i s
N
q = p q .p^ "  X , i  i  X, ir = l
and th u s  u s in g  th e  l i n e a r i t y  o f  th e  e x p e c t a t i o n  o p e r a t io n  t h e  o v e r a l l  
c o s t ,  J ,  can be w r i t t e n
N




J ^ l l e  Ct.Oll.}
i
and th e  e s t im a t io n  e r r o r ,  e ^ ( t , - ) i s  th e  random v a r i a b l e  d e f in e d  by
e i ( t , - )  = x i ( t , - )  -  x i ( t , ‘ )
w ith  x ^ ( t , * )  th e  l o c a l  f i l t e r  o u tp u t  a t  S^.
Now th e  c l a s s  o f  im plem entab le  l o c a l  f i l t e r s  i s  chosen  to  be 
th o se  t h a t  a r e  l i n e a r ,  smooth o r d e r  dynamic system s w hich g iv e
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l o c a l l y  u n b ia se d  e s t i m a t e s .  T hat i s ,  th e  l o c a l  f i l t e r  c l a s s  i s  s p e c i ­
f i e d  by
Xi ^  = V i ^  + + V i ^  (2 .3 5 )
w here in  F^, G^, a r e  c o n t in u o u s  r e a l - v a l u e d  m a t r ic e s  on [ t Q, t j ] ,  and 
^ { e ^ t ) }  -  0 V t e [ t o , t f ] (2 .36 )
The o p t im iz a t io n  problem  i s  th e n  t o  f i n d  an e lem en t from t h i s  c l a s s  o f  
f i l t e r s  w hich i s  o p t im a l  r e l a t i v e  t o  th e  l o s s  f u n c t io n  in  ( 2 .3 4 ) .
F i r s t  c o n s id e r  th e  c h a r a c t e r i z a t i o n  o f  t h e  l o c a l l y  u n b ia se d  f i l t e r .  
From ( 2 . 1 ) ,  (2 .3 5 )  and th e  d e f i n i t i o n s  o f  e^ and i t  fo l lo w s  t h a t
V  V i + <AiPx,i+ LiiLi - Fipx,i -GiV x
(2 .3 7 )  
i  “ i ' “ i  ' " i  “ i " !+ (B_, -  CJ )m_. + w. -  G .^j
T h e re fo re  u s in g  an argument s i m i l a r  to  t h a t  l e a d in g  to  (2 .1 1 )  and (2 .1 2 )  
th e  n e c e s s a ry  c o n d i t io n s  f o r  u n b ia se d  e s t i m a te s  a r e +
(Ai  "  Fi )p x , i  +  Li i Li  -  GiV  °
Ci  = Bi  (2 .38)
x . ( t  ,m) = x° VueSl 1 o 1
*
For e a se  o f  w r i t i n g ,  e x p l i c i t  n o t a t i o n  i n d i c a t i n g  sample p a th  depen­
dence w i l l  be  dropped in  th e  s e q u e l .
C o n c e r n i n g  th e  s p e c i a l  a ssum ption  t h a t  t h e  l o c a l  c o n t r o l  f o r  S. does 
n o t  fe e d  d i r e c t l y  t o  ( j ^ i ) , n o t e  t h a t  i f  t h i s  a ssum ption  doe^ n o t 
h o ld  th e n  t h e r e  w i l l , i n  g e n e r a l , n o t  e x i s t  a  l o c a l l y  u n b ia se d  f i l t e r  
under th e  in fo r m a t io n  p a t t e r n  o f  ( 2 .3 3 ) .  I f  one in c r e a s e s  th e  in for--  
m a tion  s e t  to  in c lu d e  th e  c o n t r o l  i n p u t s  t h a t  fe ed  d i r e c t l y  to  S j ,  then  
i t  may be  p o s s i b l e  t o  o b ta in  u n b ia se d  e s t i m a te s .
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On th e  o th e r  h an d , u s in g  c o n d i t io n s  (2 .3 8 )  i n  (2 .37 )  i t  fo l lo w s  t h a t  
t h e s e  c o n d i t io n s  a r e  a l s o  s u f f i c i e n t  f o r  l o c a l l y  u n b ia se d  e s t i m a te s .
The f i r s t  c o n d i t i o n  in  (2 .3 8 )  can be  c o n s id e re d  in  more d e t a i l  
by p a r t i t i o n i n g  conform ably  w i th  [P^ ^ ! L^] . T h is  p a r t i t i o n  i s  o l 
th e  form
“ i  '  ' Hn |  Hi 2 ]
w here in  and H.^ a r ® ^ i xni  ant* ^ i x^ i  m a t r *ces  r e s p e c t i v e l y .  U sing  
t h i s  p a r t i t i o n i n g  and th e  d e t a i l e d  s t r u c t u r e ,  (2 .2 )  o f  , th e  f i r s t  
c o n d i t io n  in  (2 .3 8 )  becomes
Fi  “ Ai  "  Gi Hi l
and <2 *39>
(L. . -  G . H ^ ) ! , . .  = 0 j = l , 2 , . .  .N j ^ i
The q u e s t i o n s  o f  e x i s t e n c e  and u n iq u en ess  h in g e  on th e  second 
c o n d i t io n  i n  ( 2 .3 9 ) .  R e l a t i v e  t o  th e  q u e s t i o n  of u n iq u en ess  i t  i s  
advan tageous to  d e f in e  th e  c l a s s  o f  s u r e ly  l o c a l l y  u n b ia se d  (S .L .U .)  
f i l t e r s  c h a r a c t e r i z e d  by th e  s u b s e t ,  r ° ,  o f  m a t r i c e s  d e f in e d  by
r °  -  {G l: L1± -  GiH12 -  0}
Now d e f in e  th e  su b sp ace  S t\  o f  m a t r i c e s  by
=  (0: OL = 0 , V j = l , 2 , . . . N / { i } }
and th e  s u b s e t  V. o f  n . x  q. m a t r i c e s  by 
1  i  1
r .  = { G ' . ' S O & B L . .  -  G H „ + 0 = 0 )i  i  <* ' r  11 i 12
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Note t h a t  th e  second o o n d i t io n  o f  (2 .3 9 )  i s  e q u iv a l e n t  to  Also
s in c e  i t  fo l lo w s  t h a t  P£0<-  Thus, i f  DM̂  has  p e r f e c t  know­
le d g e  o f  th e  i n t e r a c t i o n  maps, 1“ 1 , 2 , .  . . ,N /{ i)}  , f o r  he can
( p o t e n t i a l l y .  , a t  l e a s t )  u se  t h i s  in fo r m a t io n  to  do b e t t e r  than th e  
S .L .U . c l a s s  o f  f i l t e r s .  However i f  DM̂  doeB n o t  have enough c o n f id e n c e
in  t h e  L , . d a t a  and a t  th e  same tim e  p la c e s  g r e a t  im p o r tan ce  on o b t a i n -  
i j
ing  u n b ia se d  e s t i m a te s  he may choose t o  o p t im iz e  over t h e  c l a s s  o f  
s u r e l y  l o c a l l y  u n b ia se d  f i l t e r s  ( t h i s  c l a s s  may, o f  c o u r s e ,  be em pty).
In  th e  fo l lo w in g ,  a t t e n t i o n  i s  fo cu sed  on t h e  S.L.U. c a s e .  R egard ing  
th e  e x i s t e n c e  o f  a member o f th e  S .L .U . c l a s s ,  a  s p e c i a l  assum ption  i s  
now made which w i l l  be  s u f f i c i e n t  to  g u a ra n te e  t h i s  e x i s t e n c e .  U n less  
e x p l i c i t l y  s t a t e d  to  th e  c o n t r a r y ,  t h i s  a ssum ption  w i l l  be  used th ro u g h ­
o u t  th e  rem ainder  o f  th e  p a p e r .
ASSUMPTION: For each  i = l , 2 , . . . , N  assume t h a t  an<l t h a t
has  f u l l  ra n k ,  p^.
Comments: R e c a l l  t h a t  I s  th e  d im e n s io n a l i ty  o f  t h e  o u tp u t  space  o f
th e  o n - l i n e  in fo r m a t io n  a v a i l a b l e  to  DM̂  and t h a t  t h i s  o u tp u t  c o n s i s t s  
o f  in fo r m a t io n  on th e  l o c a l  s t a t e  and th e  i n t e r a c t i o n  in p u t  to  S^. 
s a t i s f y i n g  th e  above a ssum ption  means i n t u i t i v e l y  t h a t  DM̂  can o b se rv e  
a l l  o f  th e  i n t e r a c t i o n s  to  S^. These i n t e r a c t i o n  o b s e r v a t io n s  may b e  
mixed w i th  o b s e r v a t io n s  on th e  l o c a l  s t a t e  th rough  5 _q . This  assump­
t i o n  a l lo w s  us to  assume w ith o u t  f u r t h e r  l o s s  o f  g e n e r a l i t y  t h a t  H g 
has  th e  form
~ I
pi  (2 .4 0 )
0
s i n c e  I f  t h i s  i s  n o t  th e  c a s e  t h e r e  e x i s t s  a  n o n s in g u la r  p .x p ,  m a t r ixi  i
and a  n o n s in g u la r  m a t r ix  Z^ such  t h a t
Hi 2 =  Zi 1S12Zl
w h e re in  i s  o f  t h e  above s p e c i f i e d  form ( [ 5 6 ] ,  Thm. 4 . 1 ,  p . 52).
Then th e  re p la c e m e n ts  Li‘>' 2 ^  ^ 1 ’ ^ i l + Z2^ **il
and Ĝ, c o n v e r t  t h e  o r i g i n a l  problem  i n t o  an e q u iv a l e n t  problem  i n
w hich H° 2  has th e  s t r u c t u r e  g iv en  in  ( 2 .4 0 ) .  Of co u rse  once G^Z  ̂ h a s  
been  computed i t  i s  a  s im p le  o p e r a t io n  t o  compute th e  d e s i r e d  G^.
Now p a r t i t i o n  G^ to  conform w ith  th e  s t r u c t u r e  i n  (2 .4 0 )
v  lGi i i  Gi 2 ]
and t o  conform w i th  th e  s t r u c t u r e  o f  G^. That i s
Hi l
Then from ( 2 .3 8 ) ,  (2 .3 9 )  and th e  d e f i n i t i o n  o f  th e  S .L .U . c l a s s  of 
f i l t e r s  i t  fo l lo w s  t h a t  t h i s  c l a s s  i s  c h a r a c t e r i z e d  by th e  r e l a t i o n s
Fi  “ Ai  Ll i  Hi l  ~ Gi2  Hi3
C± = B (S.L.U)
X i ( t o ,9,) = x °  V w < fl
The f i l t e r  g a i n ,  rem ains  to  be chosen  in  an o p t im a l  manner
r e l a t i v e  to  th e  l o s s  f u n c t io n a l  in  ( 2 .3 4 ) .  The developm ent h e re  
p ro ceed s  a long  th e  same l i n e s  as th o s e  f o r  t h e  c e n t r a l i z e d  c a se .  F i r s t
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n o te  from (2 .37 )  t h a t  i n  th e  case  o f  S .L .U . th e  e r r o r  e .  evo lves  accord-1
ln g  to
e ^ ( t )  = F ^ C t )  +  w± -  G±»l±
A Iand t h e r e f o r e  th e  o v e r a l l  e r r o r ,  e = P^ ^e^ , ev o lv e s  a c c o rd in g  to
e ( t )  = F e ( t )  + w (2 .4 1 )
Nw h ere in
f  = y*  P '  F P4*  X , i  1 X , i
N
"  = S  pi , i < » i - Gi V
N ote  t h a t  s in c e  ft i s  a  l i n e a r  t r a n s f o r m a t io n  on th e  com posite  p ro c e ss^
t
[w1 i t  i n h e r i t s  a l l  o f  th e  s t a t i s t i c a l  p r o p e r t i e s  o f  t h i s  p ro c e s s .
Namely, w i s  a  z e ro  mean w h ite  g a u s s ia n  p ro c e ss  which i s  s t o c h a s t i c a l l y  
in d ep en d en t o f  th e  i n i t i a l  s t a t e .  M oreover, l e t t i n g  d en o te  th e
A A A
components o f  w ( in  f ° H ° ws t h a t  w^ and w^ a r e  s t o c h a s t i ­
c a l l y  in d ep en d en t  f o r  ±4j . T h e re fo re ,  p ro ceed in g  i n  a manner s i m i l a r  
t o  t h a t  used  in  th e  developm ent l e a d i n g  t o  ( 2 .2 1 ) ,  i t  i s  r e a d i l y  shown 
t h a t  th e  e r r o r  c o v a r ia n c e  s a t i s f i e s  t h e  d i f f e r e n t i a l  e q u a t io n
V ( t)  = FV(t) + V ( t ) F f +  W (2 .4 2 )
V ( t  )= E° = Block d ia g o n a l  {£°: 1 = 1 , 2 , . . . , N}
N
= V  P ’ E° P ^  X , i  i  X , i
w i th
S - - E px,i<wi + GiNiGi)px,i1=1
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C le a r l y ,  a s  can be v e r i f i e d  by d i r e c t  s u b s t i t u t i o n ,  th e  s o l u t i o n  to  
(2 .4 2 )  can be  w r i t t e n  as
v(t) - £  Pi.lV*>PX,l
where each  V . ( t )  i s  a  s o l u t i o n  to  i
‘ VjL( t )  = F±V± ( t )  + Vi ( t ) F ^  + W± + G ^ G J  (2 .43)
w  -
Note t h a t  th e  in  (2 ,4 3 )  i s  th e  e r r o r  c o v a r ia n c e  f o r  th e  i - t h  
l o c a l  f i l t e r  and th u s
V G ^ . t )  -  t r ^ t ) }
T h e re fo re  s i n c e  th e  e r r o r  f o r  th e  d e c e n t r a l i z e d  f i l t e r  i s  t h e  sum (2 .34) 
o f  t h e s e  l o c a l  c o s t s  w i th  each J^>0 and in d ep en d en t  o f  G ^  £ ° r  ji^i* i t  
fo l lo w s  t h a t  t h e  o r i g i n a l  p roblem  i s  e q u iv a l e n t  t o  N l o c a l  problem s of 
th e  form
: Find G such t h a t  f o r  each  t ^  £ [ t Q, t f ] J i ^ Gi2 * t l ' l ' J i ^ Gi 2 ,t:l^
f o r  ev e ry  G ^  in  th e  s e t  o f  c o n t in u o u s  r e a l - v a l u e d  n ^ C q ^ -p ^ )  
m a t r i c e s ,  s u b j e c t  t o  t h e  c o n s t r a i n t  (2 .4 3 )  w i th
Gi= [Li i  Gi 2 3
Fi = Ai  "  Li i Hi l  “  Gi2 Hi 3  = Ai  "  Gi2 Hi 3 ‘
To p ro g r e s s  toward t h e  v a r i a t i o n a l  s o l u t i o n  to  p a r t i t i o n
th e  o b s e r v a t io n  n o i s e  v e c t o r ,  t o  conform t o  t h e  p a r t i t i o n i n g  o f  G^,
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and thus th e  d i f f e r e n t i a l  equation  (2 .4 3 )  for  can be w r i t te n
Vi  " (V Gi2 Hi 3 )Vi  + W Gi2 Hi 3 > ’ +  \  + 
Gi2 Ni 2 Gi2  + Gi 2 Ki 3 Li i  + Li i Ni 3 Gi2 (2 .4 4 )
w herein W = W. + L. . N . - L ' .  i  i  l i  l l  i i
N o te  t h a t  excep t f o r  t h e  term s in v o lv in g  N 3 , (2 .4 4 )  has  th e  
same form as  ( 2 .2 1 ) .  T h e re fo re  i f  then  t h e  s o l u t i o n  t o  th e
lo c a l  f i l t e r i n g  problem  can be o b ta in e d  from (2 .3 0 )  and (2 .3 1 )  by making
” ” 1 2 * Hi 3 > N 'iNi 2 * " " i*  ’ ' i  * “ " i !th e  r e p la c e m e n ts  A1* A4 » G -*G_.H*>- H ^ , ,  N W-*- W_̂ , V **V4 , 2 °  ,
and Q -+Q .
Now c o n s id e r  th e  c a se  i n  w hich S in c e  t h i s  developm ent
proceeds a lo n g  th e  same l i n e s  as t h a t  l e a d in g  to  ( 2 .3 0 )  and ( 2 . 3 1 ) ,  
only th e  h i g h l i g h t s  w i l l  b e  g iv en  and th e  s i m i l a r i t i e s  betw een ( 2 .4 4 )  
and (2 .2 1 )  w i l l  be  e x p l o i t e d .  Forming t h e  H am il to n ia n  as i n  (2 .2 3 )  
n o te  t h a t  t h e  only  d i f f e r e n c e  i s  i n  t h e  term s in v o lv in g  S in c e
th e se  te rm s  a r e  n o t  e x p l i c i t  f u n c t io n s  o f  V , th e  e q u a t io n  f o r  t h e  co­
s t a t e  w i l l  be  th e  same as  i n  t h e  N ^ = 0 .  However, as  n o te d  above in  th e  
d i s c u s s io n  o f  th e  c a s e  t h i s  c o s t a t e  e q u a t io n  i s  th e  same as  (2 .2 7 )
w ith  th e  above  re p la c e m e n ts .  T h e re fo re  t h e  d i s c u s s i o n  fo l lo w in g  (2 .2 7 )
i s  a p p l i c a b l e  to  t h i s  c a s e .  Next t h e  g r a d i e n t  m a t r i x  r e s u l t s  can be
*a p p l ie d  t o  y i e l d  th e  n e c e s s a r y  c o n d i t io n s  f o r  G ^ *  I t  i s  r e a d i l y  seen  
t h a t
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ay
—  = 2 P ( 0 12N12 +  Lu U1 3 -  V ^ )
3G12
from w hich i t  fo l lo w s  t h a t  G*2 i s  g iv e n  by
Gi2  " <Vi Hi 3 -  Ll i Ni 3 )Nl2  ( 2 ' 45)
S u b s t i t u t i n g  (2 .4 5 )  i n t o  (2 .4 4 )  and a p p ly in g  some a lg e b r a  i t  can be 
shown t h a t  i s  g iv e n  as th e  s o l u t i o n  o f  th e  R i c c a t i  e q u a t io n
\  ’  V i  + Vl V  Vi Hi3Nl2Hi3Vi  + (2‘46)
w  - <
w h ere in
and
4  -  Ai  + Li i Wi 3 Sl 2 H13 * Hi l>
“  Wt  +  -  Ni3 N^ i 3 )Li l  '
T h e re fo re  t h e  l o c a l  f i l t e r  from th e  s u r e ly  l o c a l l y  u n b ia se d  c l a s s  i s  
s p e c i f i e d  by ( 2 .3 5 ) ,  ( 2 .4 5 ) ,  and ( 2 .4 6 ) .  W ri t in g  (2 .3 5 )  i n  d e t a i l  
y i e l d s
Xi  = Ai Xi  + Li i ty i l  "  Hi l x i 5 + Bi mi + Gi 2 (y i 2  "  Hi 3 Xi 5
x . ( t  )=x° (2 .4 7 )x o i
A sc h e m a t ic  r e p r e s e n t a t i o n  o f  t h i s  l o c a l  f i l t e r ,  t o g e t h e r  w ith
i s  shown i n  F ig u r e  2 .1 .  For co n v en ie n c e ,  i t  i s  assumed i n  t h e  c o n s t r u c ­
t i o n  o f  t h i s  f i g u r e  t h a t  th e  measurement m a t r ix ,  has  ^he c a n o n ic a l
s t r u c t u r e  g iv en  in  ( 2 .4 0 ) .
I f  th e  system  measurement m a t r ix  fii2  does n o t  have t h e  c a n o n ic a l
i l
i l
LOCAL FILTER 9 ,SUBSYSTEM S
Fig  *2.1 Subsystem S^ and i t s  Local F i l t e r
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s t r u c t u r e ,  th e n  th e  fo l lo w in g  p ro c e d u re  must be  implemented i n  th e  
o p t im a l  g a in  c a l c u l a t i o n s ,  and su b seq u en t  c o n s t r u c t i o n  o f  t h e  f i l t e r .
S tep  1 . F ind  th e  Z^ and such  t h a t  Z~* h a s  th e  s t r u c t u r e  g iv en
in  ( 2 .4 0 ) .
S tep  2 . Make th e  re p lacem en ts  h .^ Z ^ ,  -+Z
■ u *  r t i r
S tep  3 . I d e n t i f y  ^ 2 5 ^13 ^rom t *ie  fo l lo w in g *
S tep  4 . 




Ni  =q . - p .
Mi i I Mi3
Hi3 N« ! V
* I
q r P i
Solve  f o r  G° u s in g  th e  above re p la c e m e n ts  in  (2 .4 5 )  and (2 .4 6 )
A 1
Compute 6^ = [ L ^  Gi ^ Z2
I |
S tep  6 . Implement th e  dynam ical system  
♦
x i  ■  V i  +  V i  +  GI ( y i  •  " i i V
x i ( t 0 ) = x i
I t  i s  i n t e r e s t i n g  t o  c o n s id e r  some s p e c i a l  c a s e s  o f  t h e  above 
r e s u l t s .  For co n ven ience  c o n s i d e r a t i o n  i s  l i m i t e d  to  system s i n  which 
has  th e  c a n o n ic a l  s t r u c t u r e .  F i r s t ,  a s  a  p a r t i a l  check  on th e s e
+0 f  c o u r s e ,  th e s e  i d e n t i f i c a t i o n s  a r e  made on th e  and which 
r e s u l t  a f t e r  th e  im p lem en ta tion  o f  S tep  2.
^ T h e  o r i g i n a l
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r e s u l t s *  suppose  t h a t  H ^ =  0 and t̂ -j= 0 .  T h a t  i s ,  com ple te  n o i s e - f r e e  
o b s e r v a t io n s  o f  th e  i n t e r a c t i o n s  a r e  a v a i l a b l e .  In  t h i s  c a se  0 ,
^  ^ A
K = 0 ,  A = A ,,  W = W. ,  and G = V.H' N . T h e re fo re  t h e  f i l t e r  i s  t h e  i J  I  I  i  I  I  i j  iZ
" s ta n d a r d "  f i l t e r  f o r  S_̂  o b ta in e d  by r e g a rd in g  th e  i n t e r a c t i o n  in p u t  a s
a  known c o n t r o l  i n p u t .  T h is  i s ,  o f  c o u r s e ,  a s  i t  sh o u ld  b e .
S econdly  c o n s id e r  t h e  more i n t e r e s t i n g  case  i n  w hich H j= 0 and 
N ^ = 0 . T h a t  i s ,  com plete  n o is y  o b s e r v a t io n s  o f  th e  I n t e r a c t i o n s  a r e  
a v a i l a b l e  and th e  n o i s e  c o r r u p t in g  t h e  i n t e r a c t i o n  measurem ents i s  in d e ­
penden t o f  th e  n o is e  c o r r u p t in g  th e  p a r t i a l  m easurements o f  th e  l o c a l
A A A __
s t a t e .  In  t h i s  case  A = A . ,  W = W. + and G. == V.H' N.„ .i  i  i  i  i i  i l  i i  i2  i  i 3  i2
A
T h e re fo re  th e  g a in ,  i n t h i s  c a se  i s  th e  " s t a n d a rd "  g a in  t h a t  would
be o b ta in e d  by ig n o r in g  t h e  f a c t  t h a t  o b s e r v a t io n s  o f  th e  i n t e r a c t i o n s  
a re  a v a i l a b l e  and m odeling  th e  i n t e r a c t i o n  as a  z e ro  mean w h i te  g a u s s -  
ia n  p ro c e s s  w ith  th e  same s t a t i s t i c s  as  th e  o b s e r v a t io n  n o i s e ,
n i;L, c o r r u p t in g  th e  i n t e r a c t i o n  m easurem ents. Once t h i s  g a in  has  been  
c a l c u l a t e d  th e  i n t e r a c t i o n  m easurements a r e  t r e a t e d  as  i f  th ey  were 
n o i s e - f r e e  and a re  fed  d i r e c t l y  to  th e  f i l t e r .  T h is  o b s e r v a t io n  i n d i ­
c a te s  to  some e x te n t  th e  n a tu r e  o f  th e  ap p ro x im a tio n s  In h e re n t  in  t h i s  
c l a s s  o f  com plex ity  c o n s t r a in e d  f i l t e r s .  S in ce  th e  i n t e r a c t i o n  i s  a  
l i n e a r  t r a n s f o r m a t io n  on th e  com posite  s t a t e ,  x ,  which e v o lv e s  a c c o rd in g  
to  ( 2 . 5 ) ,  i t  fo l lo w s  t h a t  th e  i n t e r a c t i o n  in p u t  to  S.  ̂ i s  a c t u a l l y  a 
c o lo re d  g a u s s ia n  p r o c e s s .  However, as  n o te d  above, th e  f i l t e r  e f f e c ­
t i v e l y  " th in k s "  t h a t  th e  i n t e r a c t i o n  in p u t  i s  a  w h i te  n o i s e  p ro c e ss  
and t h e r e f o r e  e x p ec ts  th e  l o c a l  s t a t e  t o  be more r a p i d l y  chang ing . T h is  
w i l l  l e a d  to  h ig h e r  g a in s  than  th o s e  o b ta in e d  f o r  th e  l o c a l  f i l t e r  w hich 
ta k e s  th e  dynamics o f  th e  o th e r  su b sy s te m s  i n t o  acco u n t ( t h e  f i l t e r
40
d is c u s s e d  a t  th e  b e g in n in g  o f  t h i s  s e c t i o n ) . In  th e  n e x t  s e c t i o n  a  
more a n a l y t i c a l l y  b a se d  d i s c u s s io n  o f  t h e  f i l t e r  perform ance  r e l a t i v e  
to  th e  c e n t r a l i z e d  f i l t e r  i s  g iv en .
IV. P erfo rm ance  o f t h e  D e c e n t r a l iz e d  F i l t e r
T h is  s e c t i o n  i s  m o tiv a te d  by th e  f a c t  t h a t  a l th o u g h  th e  above
f i l t e r  i s  o p t im a l  w i t h i n  th e  s u r e ly  l o c a l l y  u n b ia se d  c l a s s  o f  f i l t e r s ,
i t  i s  su b o p t im a l  r e l a t i v e  to  l e s s  r e s t r i c t e d  c l a s s e s .  T h is  subopti*-
m a l i ty  s tem s p r im a r i ly  from th e  d e c e n t r a l i z a t i o n  o f  two b a s i c  s o u rc e s
o f in f o r m a t io n .  Namely, (1) each DM̂  u se s  o n ly  th e  l o c a l  model d a t a ,
I m  , and l o c a l  p ro c e s s  d a t a ,  I p , i n  d e s ig n in g  th e  l o c a l  f i l t e r ,  and 
i  i
(2) each  DM̂  p ro c e s s e s  o n ly  th e  l o c a l  o b s e r v a t io n s  w i th  th e  In fo rm a t io n
r e l a t i v e  t o  th e  re m a in d e r  o f  th e  system  l i m i t e d  t o  th e  o n - l i n e  i n t e r ­
a c t i o n  o b s e r v a t io n s .  The t r a d e - o f f s  h e r e  a r e  t h a t  (1) red u ces  th e  com­
p l e x i t y  o f  th e  f i l t e r  t h a t  must Implement and (2) red u ces  th e  comt 
p l e x i t y  o f  th e  com m unication system  c o n n e c t in g  th e  DM̂ — in d e e d ,  th e  
only  communication b e tw een  th e  DM's i s  t h e  " n a t u r a l l y "  o c c u r r in g  com­
m u n ica t io n  i n  th e  u n d e r ly in g  system .
In  view o f  th e  above th e r e  e x i s t  s e v e r a l  f i l t e r s  w i th  which i t  
i s  n a t u r a l  t o  compare t h e  d e c e n t r a l i z e d  f i l t e r  in  e v a lu a t in g  th e  t r a d e ­
o f f s .  R e l a t i v e  to  (1) i t  i s  n a t u r a l  to  c o n s id e r  t h e  l o c a l  f i l t e r s  
i n d i v i d u a l l y  and compare them w ith  t h e  l o c a l  f i l t e r s  des ig n ed  u n d er  
th e  in fo r m a t io n  p a t t e r n  1 ^  = 1 ^  U 1 ^  U 1 ^  ( t ) , and co n ce rn in g  (2 )  to  
re g a rd  t h e  c o l l e c t i o n  o f  l o c a l  f i l t e r s  a s  a  s i n g l e  d e c e n t r a l i z e d  f i l t e r  
f o r  th e  o v e r a l l  system  and compare I t  w i th  th e  f i l t e r  d e s ig n ed  u n d er  
th e  In fo rm a t io n  p a t t e r n  I  = I ^ U  IpjjW •
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For b o th  o f  th e  above com parisons i t  i s  p o s s ib le  to  u se  th e
R ic c a t i  e q u a tio n s  in v o lv ed  in  com puting th e  e r r o r  c o v a r ia n c e . C o n s id e r, 
f o r  exam ple, th e  c a se  in  w hich  th e  c o l l e c t i o n  o f  lo c a l  f i l t e r s  i s  r e ­
garded  as a s in g l e  d e c e n t r a l iz e d  f i l t e r  f o r  th e  o v e r a l l  p ro c e s s .  In  
m easu rin g  th e  perform ance lo s s  engendered  by d e c e n t r a l i z a t i o n ,  i t  i s  
n a tu r a l  to  d e f in e  th e  c o s t  in c r e a s e  by
t r a l i z e d  and c e n t r a l i z e d  f i l t e r s .  In  term s o f  th e  a s s o c ia te d  e r r o r
A
A j( t )  = J D( t )  -  J c ( t )
w h ere in  J  and J  a r e  r e s p e c t iv e ly  th e  c o s t  a s s o c ia te d  w ith  th e  d ecen -u Ci
c o v a r ia n c e  m a t r ic e s ,  V and V th e  c o s t  in c r e a s e  may be  w r i t t e nD 0
A J  ( t )  = t r  {QAV(t)}
w ith
AV(t) = VD( t )  -  Vc ( t ) .
The a s s o c ia te d  R ic c a t i  e q u a tio n s  f o r  th e  e r r o r  c o v a r ia n c e s  a re




V = AV +  V A 1 -  V H'N_;LHV + W (2 .3 1 )c c c c c
w ith
"*"l't is  assumed th ro u g h o u t th e  p re s e n t  d is c u s s io n  th a t  th e  m easurem ent 
m a tr ic e s  have been put In to  c an o n ic a l form.
F o r th e  case  in  w hich  th e  system  i s  t im e - in v a r ia n t  i t  i s  o f 
i n t e r e s t  to  d e te rm in e  c o n d it io n s  u n d e r w hich th e  in c r e a s e  in  c o s t  
ap p ro ach es  a  s te a d y  s t a t e  v a lu e  and does n o t  grow w ith o u t bound . In  
o rd e r  f o r  t h i s  c o s t  in c r e a s e  to  be bounded i t  s u f f i c e s  fo r  th e  e r r o r  
c o v a r ia n c e  R ic c a t i  e q u a tio n s  (2 .3 1 ) and (2 .4 6 )  to  p o s s e s s  s te a d y  s t a t e  
s o lu t i o n s .  I t  i s  w e l l  known [34] t h a t  s u f f i c i e n t  conditions"*" f o r  an 
e q u a tio n  o f th e  form (2 .3 1 )  to  p o s se ss  a  s te a d y  s t a t e  s o lu t io n  can be 
p h ra se d  in  term s o f  th e  fundam en ta l co n cep t o f  o b s e r v a b i l i ty  [5 7 ] .  
Namely, i f  th e  p a i r  [A,H] i s  o b s e rv a b le  th e n  (2 .3 1 )  p o s se s s e s  a s te a d y  
s t a t e  s o lu t i o n .  S in c e  th e  s t r u c t u r e  o f  (2 .4 6 ) i s  th e  same as t h a t  o f 
(2 .3 1 )  i t  fo llo w s  t h a t  (2 .4 6 )  has a  s te a d y  s t a t e  s o lu t io n  p ro v id e d  th e  
p a i r  [A^, o b s e rv a b le .  Now, i t  can a ls o  b e  shown th a t  [A,H] i s
o b s e rv a b le  i f  and o n ly  i f  [A+KH, H] i s  o b se rv a b le  f o r  ev ery  m a tr ix  K.
'it
T hus, r e c a l l i n g  t h a t  ( s e e  ( 2 .4 6 ) ,  p . 36) i s  d e f in e d  in  term s o f  th e  
fu n d am en ta l system  m a tr ic e s  as
A* = A. -  L H +  L ..N .„N T j H .„ i  x i i  i l  l i  13 i2  13
i t  fo llo w s  th a t  a  s u f f i c i e n t  c o n d i t io n  f o r  th e  e x is t e n c e  o f  a s te a d y  
s t a t e  s o lu t io n  to  (2 .4 6 )  i s  t h a t  [A^ -  H ^ ]  be an o b se rv a b le
p a i r .
In  o rd e r  to  c o l l e c t  and sum m arize th e  main r e s u l t s  o f  t h i s  
c h a p te r  th e  fo llo w in g  theorem  i s  p re s e n te d .
Somewhat w eaker s u f f i c i e n t  c o n d i t io n s  have been  e s t a b l i s h e d .  In  t h i s  
re g a rd  s e e  [5 8 -6 0 ].
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THEOREM 2 .1 : Suppose t h a t  th e  fo llo w in g  assu m p tio n s  a re  t r u e
(A l) : SYSTEM MODEL: The system  i s  m odeled by ( 2 .1 ) - ( 2 .3 )  and f o r  each
su b sy stem  p^ and h as  f u l l  ran k , p ^ .
(A2) : INITIAL STATE STATISTICS'*-: For each i = l , 2  N x ±( t  , • )  i s
g a u ss ia n  w ith  mean x° and c o v a r ia n c e  and f o r  i ^ j
* i < V )  1  x j ( t o ^ >  > 311(1 x ( t G> -L tw ’ n ' 3 ' ( t
(A 3): NOISE STATISTICS: F o r each  i = l , 2 , . . . , N  ti± and ŵ  ̂ a r e  z e ro
mean w h ite  g a u ss ia n  p ro c e s s e s  w ith  c o v a r ia n c e  m a tr ic e s  and
r e s p e c t iv e ly  and f o r  each  t  £ [ t  , t _ ] ,  w . ( t , * )  I n . ( t , * ) >  ando r i  a - i
T1 ̂  < t , * > L  H jC t , - ) ,  w ^ t , * )  L  W j ( t , ‘ ) f o r  a l l  i f j .
(A 4 ): COST FUNCTIONAL: The f i l t e r  p e rfo rm an ce  i s  m easured by
J ( t )  = <£?{| | x ( t , * )  — x < t , *) | | q >
o o o
w h ere in  Q = Q^+ ^ 2  +  * * *+ each p o s i t i v e  d e f i n i t e .
Then
(a ) The c la s s  o f  s u re ly  l o c a l l y  u n b ia se d  f i l t e r s  i s  nonem pty and th e  
optimum elem en t in  t h i s  c la s s  may be c o n s tr u c te d  by th e  im p le­
m e n ta tio n  o f s te p s  1 -6  o f  th e  d e s ig n  p ro c e d u re  on page 38.
(b ) A f te r  s t e p s  1-3  have been  im plem ented , th e  f i l t e r  perfo rm ance  
may be a s s e s s e d  by s o lv in g  th e  R ic c a t i  e q u a tio n  ( 2 .4 6 ) .
(c ) I f  in  a d d i t io n  to  (A 1)-(A 4) th e  system  i s  tim e  in v a r ia n t  and 
when th e  sy stem  i s  red u ced  to  th e  c a n o n ic a l  form  ( v ia  s te p s  1 -3 ) 
th e  r e s u l t i n g  p a i r  [A^- k jjH  H ^ ]  i s  o b s e rv a b le , th e n  th e re
+ For b r e v i ty ,  x J y  i s  u sed  to  d e n o te  t h a t  th e  random v a r ia b le s  x and y 
a r e  s t o c h a s t i c a l l y  in d e p e n d e n t.
e x i s t s  a  s te a d y  s t a t e  v a lu e  f o r  th e  e r r o r  c o v a r ia n c e  and in  t h i s  
c a s e  th e  pe rfo rm an ce  d e g ra d a tio n  due to  d e c e n t r a l i z a t i o n  
a p p ro ach es  a bounded s te a d y  s t a t e  v a lu e .
V. E x te n s io n s  o f th e  F i l t e r
As i n  t h e  case  o f  th e  c e c fc ra liz e d  in fo rm a tio n  p a t t e r n ,  th e  f i l t e r  
d e r iv e d  in  t h i s  c h a p te r  may be e x ten d e d  in  a t  l e a s t  two d i r e c t i o n s .  In  
th e  case  o f  n o n l in e a r  sy stem s one can u t i l i z e  th e  d e c e n t r a l i z e d  f i l t e r  
by l i n e a r i z i n g  about th e  b e s t  e s t im a te  o f  th e  l o c a l  s t a t e .
The o th e r  e x te n s io n  in v o lv e s  sy stem s f o r  w hich  in  a d d i t io n  to  th e  
w h ite  n o is e  d is tu rb a n c e s  th e r e  a re  " s e m i- s to c h a s t ic "  d is tu r b a n c e  in p u ts  
p re s e n t  w hich  r e p re s e n t  a d d i t io n a l  u n c e r t a in ty .  T y p ic a l o f  t h i s  c la s s  
i s  th e  one w hich  can b e  m odeled as th e  s o lu t io n  o f  an u n fo rc e d  system  
s u b je c t  to  random i n i t i a l  c o n d i t io n s .  T hat i s ,  d is tu r b a n c e s  o f  th e  form
(2 .4 8 )
w ith  Y .( t  ) a  g a u ss ia n  random v e c to r  w ith  mean and c o v a r ia n c e  £ ° .
1  o ' 1
C o n sid er an e x te n s io n  o f  th e  model o f  C hap ter I  o f  th e  form
(2 .4 9 )
w ith  g iv e n  by (2 .4 8 )  and fo r  a l l  i , j = l , 2 , . . . ,N Y ^ (to )J_ w ^ ( t ) , 
L  ( t )  , Y ^ ^ )  l * j ( t 0) ,  and f o r  i * j  Y± ( t 0 ) l Y j < t 0) .
>  *  •  M
I n  most c a s e s  o f  p r a c t i c a l  i n t e r e s t  t h e  d is tu r b a n c e ,  )^ , can n o t  be  
m easured and  hence  th e  o b s e rv a tio n  e q u a tio n  rem a in s  as
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The d e c e n t r a l i z e d  f i l t e r  can  b e  ex ten d ed  to  h a n d le  t h i s  c a s e . 
F u rth e rm o re , c e r t a in  s t r u c t u r a l  and c o m p u ta tio n a l s im p l i f i c a t i o n s  
w hich a r e  im p o r ta n t from  an im p lem en ta tio n  s ta n d p o in t  can be shown to  , 
e x i s t .  I n  p a r t i c u l a r ,  one can show (s e e  A ppendix E) th a t  th e  f i l t e r  
can be red u ced  to  th e  form  shown in  F ig u re  2 .2  in  which
G?2 -  ‘V i a  -  Li i Ni3 > Ni2




v  -  <A‘  -  +  r i V  ■ v ( t o> - 0i  i  1 i  i
" i  “ Mi  > V co> " <i  x i
S . = Q Q- 1
Xi  Yi
w ith  and A^ g iv e n  in  e q u a tio n  ( 2 .4 6 ) .  N o te  t h a t  th e  u p p e r  s e c t io n  
in  F ig u re  2 .2  I s  th e  l o c a l  f i l t e r  f o r  th e  c a se  in  which th e r e  a re  no 
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CHAPTER I I I
DECENTRALIZED CONTROL VIA CONSTRAINED CONTROLLERS
I .  I n t r o d u c t io n
As n o te d  p r e v io u s ly ,  one o f th e  fu n d am en ta l problem s o f  system  
s c ie n c e  i s  t h a t  o f  c o n t r o l l in g  a  g iv en  system  In  such  a way th a t  i t  g iv e s  
a c c e p ta b le  perfo rm ance even in  th e  p re se n c e  o f  u n m easu rab le  and u n p re ­
d i c t a b l e  d is tu r b a n c e s .  A lu n a r  s p a c e c r a f t 's  b o o s te r  s ta g e  i s  r e q u ire d  
to  i n j e c t  th e  s p a c e c r a f t  i n to  a  p r e c i s e  o r b i t  around  th e  E a r th  even in  
th e  p re se n c e  o f random wind g u s ts  and o th e r  m e te o ro lo g ic a l  phenomena. 
S im i la r ly ,  an  e l e c t r i c a l  u t i l i t y  i s  e x p ec te d  to  m eet i t s  lo a d  in  th e  
p re s e n c e  o f an e s s e n t i a l l y  random lo a d  demand.
In  t h i s  c h a p te r  a t t e n t i o n  i s  fo cu sed  on th e  prob lem  o f  d e c e n t r a l ­
iz e d  c o n t r o l  o f  l a r g e - s c a l e  in te rc o n n e c te d  system s s u b je c t  to  a  s in g le  
q u a d r a t ic  p e rfo rm ance  f u n c t io n a l .  T hus, th e  p roblem  f a l l s  in  th e  a r e a  
o f  team  th e o ry .  The sy stem  s t r u c t u r e  i s  th e  same as  t h a t  c o n s id e re d  
e a r l i e r  in  w hich th e  o v e r a l l  sy stem  c o n s i s t s  o f a  c o l l e c t i o n  o f  N i n t e r ­
a c t in g  dynam ical system s each  h av in g  i t s  own lo c a l  c o n t r o l l e r  w hich h as  
a  s u b s e t  o f  th e  t o t a l  sy stem  in fo rm a tio n  s e t  from  w hich  to  d e te rm in e  i t s  
c o n t r o l  s i g n a l .
F or com ple teness and i n  o rd e r  to  compare th e  v a r i a t i o n a l  d e r iv a t io n s  
o f  th e  c e n t r a l i z e d  and d e c e n t r a l i z e d  c o n t r o l l e r s ,  th e  c h a p te r  b e g in s  w ith  
a  b r i e f  d e r iv a t io n  o f th e  c e n t r a l i z e d  c o n t r o l l e r  v i a  th e  v a r i a t i o n a l  
a p p ro ach . A n o n l in e a r  two p o in t  boundary v a lu e  problem  i s  d e r iv e d  w hich 
s p e c i f i e s  th e  o p tim a l sy stem  p a ra m e te rs , and i t  i s  shown th a t  th e  o p tim a l 
p a ra m e te rs  can b e  o b ta in e d  by s o lv in g  two s in g le  p o in t  boundary  v a lu e  
p ro b lem s. That i s ,  a form  o f  th e  s e p a r a t io n  theorem  i s  d eveloped
- 4 7 -
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u s in g  v a r i a t i o n a l  te c h n iq u e s . F o llo w in g  t h i s  d is c u s s io n ,  th e  d e c e n t r a l iz e d  
c a s e  i s  c o n s id e re d  by  means o f  th e  same te c h n iq u e  and i t  i s  shown th a t  t h e  
o p tim a l c o n t r o l l e r  w i th in  th e  ch o sen  lm p lem en tab le  c l a s s  c an  a g a in  be 
o b ta in e d  th ro u g h  th e  s o lu t io n  o f  a  two p o in t  boundary  v a lu e  prob lem . The 
ap p ro ach  ta k en  i s  s im i l a r  to  e a r l i e r  work o f  Chong and A th an s [6 1 ]. How­
e v e r  i n  [61] th e  d e t a i l e d  s t r u c t u r e  o f th e  o v e r a l l  system  w as n o t con­
s id e r e d  and in  a d d i t i o n  th e  co m p le x ity  c o n s t r a i n t s  d id  n o t  p la y  th e  r o l e  
t h a t  th e y  do in  t h i s  p a p e r .
The n e c e s s a ry  c o n d it io n s  w hich  m ust be  s a t i s f i e d  by th e  o p tim a l 
sy stem  p a ra m e te rs  a r e  u t i l i z e d  t o  i n v e s t i g a t e  th e  a p p l i c a b i l i t y  of th e  
s e p a r a t io n  p r i n c i p l e  i n  th e  c a s e  o f  d e c e n t r a l i z e d  in fo r m a t io n .  F in a l ly  
a  su b o p tim a l c o n t r o l l e r  based  on th e  d e c e n t r a l i z e d  f i l t e r  d is c u s s e d  p re ­
v io u s ly  and th e  d e c e n t r a l iz e d  o u tp u t  feed b ack  c o n t r o l l e r  o f  Appendix B 
i s  p ro p o sed  and d is c u s s e d .
I I .  The C e n t r a l iz e d  C o n tr o l le r
In  t h i s  s e c t io n  c o n s id e r a t io n  i s  g iv en  t o  th e  c l a s s i c a l  s to c h a s t ic  
c o n t r o l  problem  i n  w hich  th e  p l a n t  i s  l i n e a r ,  th e  c o s t  q u a d r a t i c ,  th e  
n o is e  p ro c e s s e s  g a u s s ia n ,  and th e  in fo rm a tio n  c e n t r a l i z e d .  T hus, com­
b in in g  th e  subsystem  dynam ics a s  b e fo re  th e r e  r e s u l t  th e  e q u a tio n s  des­
c r ib in g  th e  co m p o site  dynam ics and  o b s e r v a t io n s .
x “  Ax +  Bra + w (3 .1 )
y = Hx +  r| (3 .2 )
w h e re in  A i s  g iv e n  i n  ( 2 .5 ) ,  H i n  ( 2 .6 ) ,  and B i s  d e f in e d  by
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The c o n t r o l l e r  p e rfo rm an ce  I s  to  b e  ju d g ed  v i a  a p erfo rm ance  f u n c t io n a l  
o f th e  form
w h ere in  Q^, Q, and M a r e  g iv en  m a tr ic e s  w ith  and Q p o s i t i v e  s e m id e f in i te  
and M p o s i t i v e  d e f i n i t e .  The s t o c h a s t i c  o p tim a l c o n t r o l  problem  i s  to  
f in d  an  e lem en t in  th e  c la s s  o f  im p lem en tab le  c o n t r o l  law s w hich  m inim zes 
th e  p e rfo rm an ce  f u n c t io n a l ,  J .
The c la s s  o f  Im plem en tab le  c o n t r o l  law s i s  chosen  to  be  th e  c l a s s  
c o n s i s t in g  o f  an n - t h  o rd e r  dynam ic e s t im a to r  fo llo w ed  by a  m em oryless 
l i n e a r  t r a n s fo rm a t io n .  Thus, u s in g  p re v io u s  r e s u l t s  on u n b ia se d  e s t im a to r s ,  
i t  fo llo w s  th a t  th e  c l a s s  of im p lem en tab le  c o n t r o l l e r s  i s  c h a r a c te r iz e d  
by th e  e q u a tio n s
w h ere in  D and G a r e  c o n tin u o u s  r e a l - v a lu e d  m a tr ic e s  on t t  * t j ] .  T hese
m a tr ic e s  a r e  to  be  chosen  in  an  o p tim a l manner r e l a t i v e  to  th e  p e rfo rm an ce
f u n c t io n a l  d e f in e d  in  ( 3 .3 ) .  A sch e m a tic  r e p r e s e n ta t io n  o f  t h i s  s t r u c t u r e
i s  g iv e n  in  F ig u re  3 .1 .
To re fo rm u la te  th e  above s t o c h a s t i c  o p tim iz a tio n  p rob lem  on th e
n -d im e n s io n a l s t a t e  sp a c e  in to  a  d e te r m in i s t i c  o p t im iz a t io n  on th e  f i n i t e
2 xid im e n s io n a l s t a t e  sp a c e  R *R , i t  i s  u s e f u l  to  d e f in e  th e  s t a t e  v e c to r  
v* = [x  x  ] .  From ( 3 .1 ) ,  ( 3 .2 ) ,  and (3 .4 )  i t  fo llo w s  th a t  t h i s  v e c to r  
e v o lv e s  a c c o rd in g  to  th e  s to c h a s t i c  d i f f e r e n t i a l  e q u a tio n
J  » < £ { | | x ( t f ) | |*  + ^ ! |x < t ) | | *  +  M m ( t ) | |y  d t )  (3 .3 )
o
m (t) “  D x ( t )
»
x = Ax +  G{y-Hx} + Bm(t) (3 .4 )
v = Av + w (3 .5 )
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CONTROLLER
F ig . 3 .1  S t r u c tu r e  o f  th e  c o n s tr a in e d  c o n t r o l l e r .
w ith
-  A [ A | BD
[ *ghT a+bd- gh
and
w [*]
F or n o t a t i o n a l  p u rp o se s  i t  i s  co n v en ie n t to  u t i l i z e  th e  p r o je c t io n s  
P^ and P 2  from  Rn xRn to  Rn d e f in e d  by
P1 (x) =» x1  , P2 (x ) « x 2
I | I ^
w here x = [x^ x 2 ] e R xR , i t  th e n  fo llo w s  t h a t  th e  c o s t  f u n c t io n a l
o f  (3 .3 )  may b e  w r i t t e n  a s
rt f  .
J  = <0 {vf ( t f ) Qf v ( t f ) + I v* ( t ) Q v ( t ) d t )  (3 .6 )
t o
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w h e re in
Qf  -
t  I
and  Q = + FjD MDP2 * F in a l l y ,  l e t t i n g  th e  2nx2n m a tr ix
V ( t)  be  d e f in e d  f o r  each t  e [ t Q, t ^ ]  and each  (G,D) by
V (t)  « ^ { v ( t )  v ' ( t ) }  (3 .7 )
i t  fo llo w s  t h a t  th e  c o s t  can  be w r i t t e n
ft £ -J  = tr{Q f V (tf ) +  QV(t) d t )  (3 .8 )
*-o
and  th a t  th e  dynam ical e q u a tio n  hav ing  V a s  i t s  s o lu t io n  i s  
V = AV + VA +  W
w here
and
5 ■ L” Mk> ' GNG -I
[ r o .  o o  o o i .
' o o '
X X  I X X J
Thus ( 3 .8 )  and (3 .9 )  can  b e  re g a rd ed  as  a  r e fo rm u la t io n  o f  th e  
o r i g i n a l  p rob lem  in to  th e  d e te r m in is t i c  o p t im iz a t io n  prob lem
M inim ize J  a s  g iv en  by (3 .8 )  w ith  and Q a s  g iv e n  i n  (3 .6 )  
s u b je c t  to  th e  dynam ical c o n s t r a in t  ( 3 .9 ) .
N ecessary  c o n d i t io n s  f o r  th e  o p tim a l G and D g a in  m a tr ic e s  can be 
o b ta in e d  v ia  t h e  m a tr ix  minimum p r i n c i p l e .  In  th e  a p p l i c a t io n  o f  t h i s  
p r i n c i p l e  i t  i s  u s e f u l  to  n o te  t h a t  A and W can  be w r i t t e n
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i »
a  -  a o  +  ( ? 1+ ?2 ') b d p 2  +  p 2 G H (p r V  ( 3 , 1 0 )
and
W -  Wq + P GHg ’p  (3 .1 1 )
w h erein  Aq and  Wq a re  In d ep en d en t o f th e  g a in  m a tr ic e s ,  G and D, and  th e  
a re  th e  m a tr ix  r e p r e s e n ta t io n s  o f th e  p r o je c t io n s  d e f in e d  above.
To a p p ly  th e  minimum p r i n c i p l e  to  th e  c o n t r o l  problem ^ ̂ l e t  th e  
2n*2n m a tr ix ,  Z, r e p r e s e n t  th e  c o s ta te  and  i|s th e  H am ilto n ian  f o r  
T hus,
ifi = tr{ V z '+  QV}
= tr{AV + Va ' + W)Z* +  QV} (3 .1 2 )
Z = "  "av” = "3V (tf ) t r ^ f V^t f ^  (3 .1 3 )
V = | |  , V ( tQ) -  V° (3 .1 4 )
and
i t
3G = 0  i lG=G* 3D
= 0 (3 .1 5 )
D=D*
F i r s t  c o n s id e r  th e  d i f f e r e n t i a l  e q u a tio n  s p e c ify in g  th e  c o s ta t e .  From 
(3 .1 2 ) and th e  g ra d ie n t  m a tr ix  r e s u l t s  [51] i t  fo llo w s  th a t
| |  = Q + a ' z +  ZA
and |y ^ t  ^ t r fQ fV (tr )}  = Q^. T h e re fo re  from  (3 .1 3 ) i t  fo llo w s  th a t  th e  
c o s ta te  i s  g iv e n  as th e  s o lu t io n  to  th e  m a tr ix  d i f f e r e n t i a l  e q u a tio n
Z = - A z '  - Z A - A
Z ( t f ) = Qf
(3 .1 6 )
C le a r ly ,  f o r  e ach  A th e  s o lu t io n  o f  (3 .1 6 )  i s  a  sym m etric  m a tr ix  s in c e  
i f  Z i s  a s o lu t io n  to  (3 .1 6 )  th e n  so i s  Z*.
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Now u s in g  ( 3 .1 2 ) ,  th e  d e f i n i t i o n s  o f  Q, A, W, and th e  g r a d ie n t  m a tr ix  
r e s u l t s  [51] i t  i s  r e a d i l y  shown th a t
| | p  « 2 B '(P 1+P2)ZVP2 + 2MDP2VP2
| |  -  2P2ZP2GN + 2P2ZV(P1- P 2) ,h ' .
Thus, th e  c o n d it io n s  f o r  th e  o p tim a l G and D can  be w r i t t e n
D(P2 VP2) = -M - V < P 1+P2 )ZVP; (3 .1 7 )
(P2 ZP2)G = P2ZV ( P ^ P ^ ’h 'n " 1  (3 .1 8 )
w h ere in  V and Z a re  s o lu t io n s  to
V = AV + VA +  W, V (tQ) = V° (3 .9 )
Z = ~ZA -  a ' z -  Q , Z ( tQ) = Qf  (3 .1 6 )
E q u a tio n s  ( 3 .9 )  and (3 .1 6 -3 .1 8 )  c o n s i t u t e  a  tw o -p o in t boundary v a lu e
^ A
problem  w hich  when s o lv e d  y ie ld s  th e  o p tim a l p a ra m e te rs , G and D .
I I I .  A S e p a ra tio n  P r in c i p l e
In  g e n e r a l  th e  s o lu t io n  of m u ltid im e n s io n a l n o n l in e a r  boundary 
v a lu e  p rob lem s o f  th e  above  ty p e  i s  a  d i f f i c u l t  c o m p u ta tio n a l p rob lem . 
However, f o r  th e  above p rob lem  i t  i s  p o s s ib le  to  d e te rm in e  th e  o p tim a l 
p a ra m ete rs  by s o lv in g  two s in g le  p o in t  boundary v a lu e  problem s o f th e  
R ic c a t i  ty p e . T h is , o f  c o u rs e , i s  t h e  e sse n ce  o f  th e  s e p a r a t io n  
p r in c ip l e  o f  s to c h a s t i c  c o n t r o l  th e o ry .  T h is p r i n c i p l e  has been  s tu d ie d  
by a number o f  r e s e a r c h e r s  [35-40] and i s  in c lu d e d  h e re  p r im a r i ly  fo r  
co m p le ten ess  and to  i n d i c a t e  an avenue o f  app ro ach  f o r  th e  d e c e n t r a l iz e d  
c a se . The d e r iv a t io n  g iv e n  i s  s im p le , s t r a ig h t - f o r w a r d  r ig o r o u s ,  and
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to  th e  a u th o r 's  know ledge has n o t  b een  p u b lish e d  In  th e  l i t e r a t u r e .
The r e s u l t  i s  l im i t e d ,  o f  c o u rs e , by th e  f a c t  t h a t  th e  c o n t r o l l e r  i s  
r e s t r i c t e d  a  p r i o r i  to  be  l i n e a r  and hence th e  f a c t  th a t  th e  c o n t r o l l e r  
o b ta in e d  I s  o p tim a l o v e r  a l a r g e r  c l a s s  can n o t be  c la im ed  u s in g  t h i s  
developm en t. The d e r iv a t io n  i s  e s s e n t i a l l y  one o f v e r i f y in g  t h a t  a 
c e r t a i n  p a i r  s a t i s f i e s  th e  above n e c e s sa ry  c o n d i t io n .
To t h i s  end c o n s id e r  th e  p a i r  (Gq , Dq) d e f in e d  by th e  fo llo w in g
G = K h 'n " 1  (3 .1 9 a )D O
w ith  Kq g iv en  a s  th e  s o lu t io n  o f  th e  R ic c a t i  e q u a tio n
K = AK +  K a '  -  K h 'n - 1  HK + W ,K ( t  ) = 7° (3 .1 9 b )o o o  O 0  o o
and
Dq = -M_V e o (3 .2 0 a )
w ith  0 g iv e n  a s  th e  s o lu t io n  too
e = -A* 0 -  0 A + 0  B k f V e  -  Q (3 .2 0 b )o o o o o ^
eo ( t f> ■ Qf
N ote t h a t  G and D a r e  c o n tin u o u s , o o
I t  w i l l  now b e  shown th a t  th e  p a i r  (Gq ,Do ) s a t i s f i e s  th e  n e c e s sa ry  
c o n d it io n s  (3 .9 )  and ( 3 .1 6 ) - ( 3 .1 8 ) . To a id  In  th e  d is c u s s io n  i t  I s  
u s e f u l  to  d e f in e  th e  s e t s
51  = {V: (G,D) c o n tin u o u s  and V s a t i s f i e s  (3 .9 )}
52  = (Z: (G,D) c o n tin u o u s  and Z s a t i s f i e s  (3 .1 6 )}
and th e  maps F^, and ta k in g  2 n*2 n m a tr ic e s  in to  n*n m a tr ic e s  and
d e f in e d  by th e  r u le s
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r  fv i ■* v  - -  v - v  + v 1 11 12 21 22
r 2 (V) = v u  +  v1 2  +  vn  +  v 2 2
where
f  V1 1  ! V1 2  1
~ L T11 T Tl 7 \
U sing th e  above n o m en c la tu re  we have th e  
Lemma 1 ;
(a )  I f  V e th e n  T^(V) i s  a s o lu t io n  to
r l < v > < t o >  -  1 °
I
I^ c v ) » (A -  G in r^ V )  +  r i (V)(A-GH) + W +  GNG
(b) I f  Z e th e n  ^ ( Z )  i s  a s o lu t io n  to
r 2 ( z ) ( t f > -  q £
f 2 ( Z )  =  - r 2 (Z )(A + B D ) -  (A + B D )' r 2 ( Z ) -Q  -  DMd'
P ro o f : P a r t  (a ) fo llo w s  im m ed ia te ly  by w r i t in g  (3 .9 )  i n  d e t a i l  and
u s in g  th e  d e f i n i t i o n  o f r ^ .  P a r t  (b) fo llo w s  in  a s im i l a r  fa s h io n  
u s in g  (3 .1 6 )  and th e  d e f i n i t i o n  o f
The e sse n ce  o f  th e  above lemma i s  t h a t  th e  co m p o sitio n  map o f  
r i  w ith  th e  s o lu t io n  o p e ra to r  o f  (3 .9 )  i s  in v a r ia n t  w ith  D and th e  
co m p o sitio n  map o f  w ith  th e  s o lu t io n  o p e ra to r  o f (3 .1 6 )  i s  in ­
v a r i a n t  w ith  G. Now u se  th e  p a i r  (Go ,Dq) d e f in e d  in  (3 .1 9 )  and 
(3 .2 0 )  to  d e f in e  th e  " s e c t io n s "  o f  and S j by
S,(G  ) = {VeS-: G=G }I  o 1  o
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S,(D  J  = (Z eS„: D -  D }
Z  O Z  O
and
-  t v c S l (G0 ) : r i (V ) -  Ko )
S,(D ) = ! zcS , ( d j  : r (z )  -  e }
Z  O Z  O z O
From th e  above d e f i n i t i o n s  i t  fo llo w s  t h a t  
Lemma 2 :
(a )  S1 (Gq) = S1 (Go )
(b ) s 2 (do) = s 2 (d o)
P ro o f :
(a) C le a r ly  S^(GQ)C S ^ (G q) and th e r e f o r e  assume th a t  VeS^(GQ) .
Then V s a t i s f i e s  (3 .9 )  w ith  G = Gq and some c o n tin u o u s*  D. T h e re fo re  
by lemma 1 , r^(V ) s a t i s f i e s
F i ( v > ( t0) = T
r . ( V )  = (A -G  H ) r . ( V )  +  P (V) (A -G  H) ’+W+G NG*X o x  x o o O
and u s in g  th e  d e f i n i t i o n  o f Gq we have (T^(V) =
f ,  = A r .  +  r . A  +  w -k  h ' n - 1  H r - r _ H  n " 1  h k1 X X O 1 1  o
+  K h ' n ” 1 HK o o
From th e  d e f i n i t i o n  o f  K (3 ,1 9 b ) i t  fo llo w s  th a t  T. ~ K s a t i s f i e so '  1  o
( r r Ko) = A ( r r Ko) + ( r r Ko)A '
+  (Ko - r i )H*N- 1  HKq +  K0 h ' n _1  H(KQ- r i )
For b r e v i t y ,  in  th e  s e q u e l  we d en o te  "D i s  c o n tin u o u s"  by D e^f, and 
"G i s  c o n tin u o u s"  by Ge*^.
w ith  th e  i n i t i a l  c o n d i t io n  (r^ -K Q) ( t o) » 0 . Hence (r^ -K Q) ( t )  "  0
f o r  a l l  t  e [ t  » t c ] and th u s  V e S .(G  ) .  T h is  e s t a b l i s h e s  ( a ) .  P a r t  o f  1  o
(b ) fo llo w s  in  a  s im i la r  f a s h io n .
From lemma 2 and th e  d e f i n i t i o n s  o f  G and D we have th e  f o l lo w -o o
in g  u s e f u l  
Lemma 3 :
(a ) I f  (G,D) e {Gq } , th e n  Gq « r ;L(V(D))H , N“ 1
(b) I f  (G,D) e ^  x {Do J , th e n  Dq = l - f V  T2 (Z (G ))
P ro o f : L e t D e m a n d  V(D) th e  c o rre sp o n d in g  e lem en t in  S^(Gq) , By
lemma 2 , P^(V(D)) -  Kq from  w hich (a )  fo l lo w s  by th e  d e f in i t io n  o f  Gq .
P a r t  (b) fo llo w s  from th e  c o rre sp o n d in g  (b ) o f lemma 2 .
The above s im p le  r e s u l t s  can  be u sed  t o  e s t a b l i s h  an Im p o rta n t
r e s u l t  le a d in g  to  th e  s e p a r a t io n  theo rem . T h a t i s .
Lemma 4 :
(a ) I f  (G,D) e {Gq } xQ )  th e n  V1 2  = V2 2
(b) I f  (G,D) e {Dq } th e n  Z1 2  = - Z ^ .
P r o o f :
(a ) C le a r ly  V^2 ( t Q) = V ^ C t^ ) .  W ritin g  (3 .9 )  in  d e t a i l ,  a p p ly in g  
some a lg e b r a ,  and th e  d e f i n i t i o n  o f  T^(V) y i e ld s
(V221 V12> '  (V2 2 -V12) (A+BD-G0 H)'+(A-G0H) ( V ^ - V ^ )
+  <v2 2 - v 1 2 ) ( g o h ) '  +  g on g ’ -  V v j h ' g ;
Now by lemma 3 , G - Tj CVJh 'S - 1 ,  and th u s  G -  r , ( V ) H 'o ' - 0 ,
w hich  e s t a b l i s h e s  ( a ) .
P a r t  (b ) fo llo w s  in  a  s i m i l a r  f a s h io n .
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Now i t  I s  an easy  co m p u ta tio n  to  e s t a b l i s h  th e  f a c t  t h a t  (Go ,Dq) 
s a t i s f i e s  th e  n e c e s sa ry  c o n d it io n s  ( 3 .9 ) ,  ( 3 .1 6 ) - ( 3 .1 B ) . Choose 
(G,D) “  (GQ,Dfi) and l e t  V °,Z° be  th e  c o rre sp o n d in g  s o lu t io n s  to





12 ~ v°22 ’ zu-
'i (V°) = v° - 11 V21
2 (Z°) = 2° Z11 +
T h e re fo re  from  lemma 3
Go '  (V1 1  -  V2 1 > H ' 5 ' 1
Now u se  th e  above r e s u l t s  to  w r i te
- m" 1b '( P 1+P2)Z°V°P2 = -M"XB '(Z jj+ Z ^ + Z ^ + Z jjj)  V°2
“  Do V2 2
and
P 2Z°V<,( P 2- P 1 ) V s - 1  = Z2 2 <-Vl l  -  VU )H ' r l
-  *°22 Go
and h en ce  (G0 ,Dq) s a t i s f i e s  th e  n e c e s s a ry  c o n d i t io n s  f o r  o p t im a l i ty
( 3 .9 ) ,  ( 3 .1 6 ) ~ ( 3 .1 9 ) .
The im p o rtan ce  o f  th e  above r e s u l t  l i e s  in  th e  s e p a r a t io n  
p r i n c i p l e  w hich  i t  p ro v id e s .  T h a t i s ,  i n  d e s ig n in g  th e  c o n t r o l l e r -  
f i l t e r  p a i r  th e  c o n t r o l l e r  s e c t io n  may be d e s ig n e d  by s o lv in g  (3 .2 0 b )
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and  th e  f i l t e r  s e c t i o n  by s o lv in g  (3 .1 9 b ) .  N ote  t h a t  th e  o p t ima l  
c o n t r o l l e r  g a in ,  Dq , depends o n ly  on th e  p a ra m e te rs  d e s c r ib in g  th e  
d e te r m in is t i c  a s p e c ts  o f th e  c o n t r o l  p roblem  and  i s  in d e p en d e n t o f 
th e  s t a t i s t i c a l  p a ra m e te rs  d e s c r ib in g  th e  n o is e  p ro c e ss e s  an d  th e  
i n i t i a l  s t a t e  u n c e r ta in ty .  As i s  w e l l  known th e  c o n t r o l l e r  g a in  i s  
t h a t  g a in  w hich s o lv e s  th e  d e te r m in is t i c  c o n t r o l  problem  r e l a t i v e  to  
th e  c o s t  f u n c t io n a l  form ed by rem oving th e  e x p e c ta t io n  in  ( 3 .3 ) .  In  
a B im ila r  v e in ,  th e  f i l t e r  g a in ,  Gq , i s  in d e p en d e n t o f  th e  p a r t i c u l a r  
c o s t  f u n c t io n a l  m a tr ic e s  and depends o n ly  on th e  s t a t i s t i c a l  p a ra ­
m e te rs  d e s c r ib in g  th e  n o is e  p ro c e s s e s ,  th e  i n i t i a l  s t a t e  u n c e r t a in t y ,  
and th e  p la n t  dynam ics. I t  can  b e  n o te d  from  a com parison  o f  (3 .1 9 ) 
and (2 ,3 0 -3 1 ) t h a t  th e  f i l t e r  s e c t io n  i s  m e re ly  th e  f i l t e r  s e c t io n  
d ev elo p ed  i n  C h ap te r I I .
IV, A D e c e n tra l iz e d  C o n tr o l le r
I f  th e r e  a r e  no co m p lex ity  c o n s t r a in t s  im posed , th e  above c o n t r o l l e r  
i s  o p tim a l-e v e n  when th e  c la s s  o v e r w hich th e  o p tim iz a tio n  i s  perform ed 
i s  n o t  r e s t r i c t e d  a p r i o r i .  However, i n  a  la r g e  number o f  c a s e s  th e re  
a re  o v e r r id in g  t e c h n ic a l  and econom ica l c o n s id e ra t io n s  w hich p re c lu d e  
th e  u se  o f  th e  above c e n t r a l i z e d  c o n t r o l l e r .  T h e re fo re , i n  t h i s  sec ­
t i o n ,  we in v e s t i g a t e  th e  d e s ig n  o f  c o n t r o l l e r s  f o r  l a r g e - s c a l e  system s 
s u b je c t  to  " n a tu r a l "  in fo rm a tio n  flo w  and co m p lex ity  c o n s t r a i n t s .
S p e c i f i c a l l y ,  i t  i s  assumed t h a t  th e  in fo rm a tio n  a v a i l a b le  to  
each  c o n t r o l l e r  c o n s i s t s  o f  th e  l o c a l  p a ra m e te r  and o n - l in e  d a t a .  T hat 
i s
S m. “  I MD. U I PD U I 0D, ^  i  i  i  i
The com p lex ity  c o n s t r a in t s  p la c e d  on th e  c o n t r o l l e r  a re  t h a t  i t  c o n s is t s
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o f  a  c o l l e c t io n  o f  N l o c a l  f i l t e r - c o n t r o l l e r  p a i r s  w h ere in  th e  f i l t e r  
s e c t io n  i s  a llo w ed  to  be  an n ^ -d im e n s io n a l dynam ical sy stem . In  a d d i­
t i o n ,  th e  req u ire m e n t i s  imposed t h a t  th e  e s t im a te s  a re  s u re ly  l o c a l ly  
u n b ia se d . F u r th e rm o re , i t  i s  assumed th ro u g h o u t t h a t  th e  subsystem
4-
m easurem ent m a tr ic e s  have  been  p u t i n t o  c a n o n ic a l  form . F in a l ly ,  th e  
l o c a l  c o n t r o l  in p u t ,  m^, to  i s  c o n s tr a in e d  to  be a l i n e a r  tra n s fo rm a ­
t io n  o f th e  l o c a l l y  e s t im a te d  s t a t e .  Thus, in  e f f e c t ,  i t  i s  assumed 
th a t  each  DM.̂  has enough re s o u rc e s  to  im plem ent th e  l o c a l ly  o p tim a l 
c o n t r o l l e r  when th e  I n t e r a c t io n s  from  o th e r  subsystem s a r e  known to  be 
z e ro .
From th e  above c o n s t r a in t s  and th e  r e s u l t s  o f  C h ap ter I I ,  i t  fo llo w s  
t h a t  each  l o c a l  f i l t e r - c o n t r o l l e r  p a i r  has th e  form  g iv en  i n  F ig u re  3 .2 .
LOCAL FILTER
i 2 1 2
SUBSYSTEM S.
F ig . 3 .2  L o ca l f i l t e r - c o n t r o l l e r  s t r u c t u r e .
+A n o te d  i n  C hap ter I I _ t h i s  assu m p tio n  e n t a i l s  no f u r th e r  lo s s  o f 
g e n e r a l i t y  a f t e r  th e  assum ption  has been made.
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For th e  s t r u c t u r e  o f subsystem  and th e  l o c a l  f i l t e r  s e c t io n ,  c o n s u lt
AF ig u re  2 .1  and r e p la c e  by G ^  — th a t  i s  we a r e  n o t assum ing th a t  
th e  f i l t e r  g a in  may be d e s ig n e d  In d e p e n d e n tly  o f  th e  c o n t r o l l e r  g a in , 
D± .
U sing  th e  e q u a tio n s  d e s c r ib in g  the :-subsystem s and t h e i r  l o c a l  
f i l t e r - c o n t r o l l e r  p a i r s ,  th e  fo llo w in g  e q u a tio n s  d e s c r ib in g  th e  t o t a l  
sy stem  s t a t e  can. b e  d e r iv e d .
x = A ^ x  +  A ^ x  + w (3 .2 1 a )
x = A^^x + A2 2 X + T| (3 .2 1 b )
where
*1 1 4  j X . i ' V x . i +  T' u Li> ( 3 -21c)
1=1
A1 2  “  j / x . i W x . l  ( 3 ‘21d>
* 2 1  ~ +  V llPM + Gi2 Hi3 Px ,i>  <3' 21e)
A2 2  = j 1Px,i(V LnHll + Bl Di  -  Gi 2 Ht3> Px , l  <3*2 1 f)
N ,An =
1 -
The p a ra m e te rs  (®^2’^ i^  ^ = a re  to  be  chosen  to  m in im ize  th e
c o s t  f u n c t io n a l  o f  (3 .3 )  w h e re in  th e  c o s t  m a tr ic e s  Q^, Q, and M have 
th e  s p e c i a l  s t r u c tu r e
Qf  “  Qf , l  *  Qf , 2  + ■*■ +  Q f|N 
Q = "I" Q2  +  • • • +
k  = h 1 ; m 2 ;  . . .
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P ro ce e d in g  as i n  th e  c e n t r a l i z e d  c a se  I t  fo llo w s  t h a t  th e  c o s t  may 
be w r i t t e n




q = +  f '2 p ^ 1d > i d1 PX j1 p 2
In  (3 .2 2 )  th e  2nx2n m a tr ix  s t a t e ,  V, e v o lv e s  a cc o rd in g  to
V = AV + VA + W (3 .2 3 )
w ith  V ( tQ) = V (a s  i n  (3 .9 )  and A,W g iv en  by
A =
A . • A. „ 1 “ 111 i__12 , W = w l_0a“ “ I A_ t —21 [ 22 0 ' N
and
N (t) < o { n (t)n  ( t ) }  
N
= Px , i  (Li i Ni i Ll i  + Li i Ni 3 Gi2  + Gi2  Ni3 Li i
+  Gi2  Ni2  Gi 2 J Px , i  '
Now e q u a tio n s  (3 .2 2 )  and (3 .2 3 )  a r e  o f  th e  same form  as  t h e i r  
c o u n te r p a r t s ,  (3 .8 )  and ( 3 .9 ) ,  i n  th e  c e n t r a l i z e d  c a s e . Thus th e  
a p p l i c a t io n  o f  th e  minimum p r i n c i p l e  i n  th e  d e c e n t r a l iz e d  c a se  w i l l  
fo llo w  th e  same l i n e s  a s  f o r  th e  c e n t r a l i z e d  c a s e . The r e s u l t s  o f  
t h i s  a p p l i c a t io n  a r e
E q u a tio n s  ( 3 .2 5 ) - ( 3 .2 8 )  c o n s i tu te  a  two p o in t  boundary  v a lu e  
prob lem  whose s o lu t io n  le a d s  to  th e  o p tim a l p a ra m e te rs ,  
i  = 1 , 2 , . . . , N. These e q u a tio n s  a re  s im i la r  i n  form  to  th e  c o rre sp o n d ­
in g  e q u a tio n s  ( 3 .9 ) ,  ( 3 . 1 6 ) - (3 .1 8 )  f o r  th e  c e n t r a l i z e d  c a se . However, 
i n  c o n t r a s t  to  th e  c e n t r a l i z e d  c a s e ,  th e  com p u ta tio n s  in h e re n t  i n  th e  
above e q u a tio n s  a p p a r e n t ly  can n o t b e  s e p a ra te d .  A l o g i c a l  c o n je c tu re  
in  t h i s  re g a rd  would b e  t h a t  th e  o p tim a l f i l t e r  g a in s  a r e  th o s e  o f  th e  
o p tim a l d e c e n t r a l iz e d  f i l t e r  o f  C h ap ter IX. In  an a tte m p t to  v e r i f y  
t h i s  c o n je c tu re  u s in g  an  argum ent s im i l a r  to  t h a t  o f  S e c tio n  I I I ,  
p a r t  (a )  o f  lemmas 1 -3  go th rough  w ith  o n ly  s l i g h t  m o d if ic a t io n s .  I t  
I s  a t  lemma 4 th a t  one e n c o u n te rs  d i f f i c u l t y .  For t h i s  ch o ice  o f 
f i l t e r  g a in s  i t  i s  a p p a r e n t ly  n o t th e  c ase  t h a t  “  ^22*
I n  th e  ab sen ce  o f  a  s e p a ra t io n  p r in c ip l e  f o r  th e  above p ro b lem , 
one i s  fa c e d  w ith  th e  d i f f i c u l t y  o f  s o lv in g  (3 .2 5 )  -  (3 .2 8 )  v ia  an 
i t e r a t i v e  te c h n iq u e  such  as  th e  s u c c e s s iv e  sweep m ethod [6 2 ] . T hat
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i s ,  a f t e r  an  I n i t i a l  approx im ation"1", ®i^ ^ aB ^ een  o b ta in e d ,
e q u a tio n s  (3 .2 5 )  and (3 .2 6 )  a r e  i n t e g r a t e d  to  o b ta in  V °, Z °. From 
V° and Z° one th e n  u se s  (3 .2 7 )  and (3 .2 8 )  to  compute th e  new a p p ro x i­
m ation  (G ^ *  ant* p ro c e s s  i s  re p e a te d  u n t i l  a s a t i s f a c t o r y
a p p ro x im a tio n  i s  o b ta in e d .
V. A D e c e n tra l iz e d  C o n t r o l le r  f o r  T im e -In v a r ia n t System s
The s o lu t io n  o f  th e  above two p o in t  boundary v a lu e  p rob lem  r e ­
p r e s e n ts  a  c o n s id e ra b le  c o m p u ta tio n a l e f f o r t  and hence  a  c o n t r o l l e r  
b a sed  on t h i s  ap p ro ach  w i l l ,  i n  g e n e r a l ,  be  d i f f i c u l t  to  d e s ig n . In  
th e  i n t e r e s t  o f  o b ta in in g  c o n t r o l l e r s  f o r  which th e  c o m p u ta tio n a l 
re q u ire m e n ts  a r e  more m od est, one can combine th e  d e c e n t r a l i z e d  
f i l t e r  o f  C h ap ter I I  w ith  th e  d e c e n t r a l i z e d  o u tp u t fe e d b a c k  c o n t r o l l e r  
o f  A ppendix B to  o b ta in  a  l o c a l  c o n t r o l l e r  o f  th e  s t r u c t u r a l  c la s s  
in d ic a te d  In  F ig u re  3 .2 .  T h is  c o rre sp o n d s  to  s e t t i n g  to  v a lu e  
computed u s in g  (2 .4 5 )  and th e n  d e s ig n in g  th e  g a in s  UBing th e  te c h ­
n iq u e  o f  A ppendix B. T here  a r e  two b a s ic  approaches t o  th e  computa­
t i o n  o f  th e  D^.
'ftApproach 1 : The c o n t r o l l e r  g a in s  a r e  computed u s in g
A
w h ere in  i s  g iv en  by (B .3 1 -B .3 3 ) a f t e r  making th e  re p la c e m e n ts
A -  j x P* , i  (Ai r x , i  +  Li l Li>
+As an exam ple o f  an i n i t i a l  a p p ro x im a tio n , one m igh t ch oose  th e  o p tim a l 
d e c e n t r a l i z e d  c o n t r o l l e r  b a sed  on th e  assum ption  t h a t  th e  subsystem s 
a re  d eco u p led  ( I . e .  assum e D 0 ,  i  *= 1 , L , . . . , N ) .  I f  th e  system  i s  
l i g h t l y  c o u p led , th e n  t h i s  i n i t i a l  ap p ro x im a tio n  sh o u ld  be c lo s e  to  
th e  o p tim a l v a lu e s .  In  a d d i t io n  t h i s  ap p ro x im a tio n  i s  r e l a t i v e l y  easy  
to  compute s in c e  i t  can  be d e te rm in e d  from  N s e p a r a te  s o lu t io n s  o f  
l o c a l  o p t im iz a t io n s .
Approach 2 : The c o n t r o l l e r  g a in s  a r e  computed u s in g  w h e re in




*1 1 _ > 1 2  
^ 2 1  ! ^ 2 2
rpx , l  B 1  '
LPX ,i  B1  -
[° i p*. J
ro  o o i o o 
2, +  X  X  , X  X
(3 .2 1  c - f )
o o • o o
X  X  I X X
[§+§]
The f i r s t  ap p ro ach  can b e  c o n s id e re d  t o  be  a r e s u l t  o f  a p p ly in g  
th e  s e p a r a t io n  p r i n c i p l e .  T h a t i s ,  a  f i l t e r  i s  d e s ig n e d  to  g iv e  an  
e s t im a te  o f th e  s t a t e  and in  th e  su b se q u e n t d e s ig n  o f  th e  c o n t r o l l e r  
g a in s  i t  i s  assum ed t h a t  th e  s t a t e  i s  a v a i l a b l e — e q u iv a le n t ly  th e  
f i l t e r  dynam ics a r e  n o t  ta k e n  in to  acco u n t i n  th e  d e s ig n  o f  th e  con­
t r o l l e r  g a in s .  S in ce  th e  second  ap p ro ach  does a cc o u n t f o r  th e  f i l t e r  
dynam ics, i t  i s  p o t e n t i a l l y  more a c c u ra te  b u t a t  th e  same tim e in v o lv e s  
a  l a r g e r  c o m p u ta tio n a l e f f o r t  s in c e  th e  e f f e c t i v e  o rd e r  o f  th e  system  
h as  been  in c re a s e d  from  n  to  2n .
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The p erfo rm an ce  o f th e  c o n t r o l l e r s  d e s ig n e d  u s in g  th e  above te c h ­
n iq u e s  can b e  e v a lu a te d  u s in g  (3 .2 2 ) and ( 3 .2 3 ) .  The mean Bquare p e r ­
form ance o f  th e s e  c o n t r o l l e r s  w i l l ,  o f  c o u r s e ,  be  su b o p tim a l. However, 
c e r t a i n  im p o r ta n t ad v an tag es  a r e  p re s e n t  w hich  sh o u ld  be  c o n s id e re d . 
Among th e se  a r e ,  (1 ) th e  f i l t e r  g a in s  and c o n t r o l l e r  g a in s  a re  com­
p u te d  s e p a r a te ly  w ith  th e  o n ly  i t e r a t i v e  p a r t  b e in g  th e  com pu ta tion  
o f  th e  g a in s ,  (2 ) th e  i t e r a t i v e  p ro c e s s  in  com puting th e  in v o lv e s  
th e  s o lu t io n  o f  a lg e b r a ic  e q u a tio n s  r a t h e r  th a n  d i f f e r e n t i a l  e q u a t io n s ,
(3 )  th e  r e s u l t i n g  c o n t r o l l e r  g a in s  a r e  c o n s ta n t ,  and (4 ) s to c h a s t i c  
e f f e c t s  a re  a cco u n ted  fo r  i n  th e  f i l t e r  d e s ig n  w h ile  th e  system  c o u p l­
in g  i s  acco u n ted  f o r  in  th e  co m p u ta tio n  o f  th e  c o n t r o l l e r  g a in s .  The 
a p p l ic a t io n  o f th e  above d e s ig n  te c h n iq u e s  to  th e  developm ent o f  a  
lo a d  freq u en cy  c o n t r o l l e r  f o r  a  tw o -a re a  power system  i s  c u r r e n t ly  
u n d e r s tudy  [6 3 ] . The r e s u l t s  o f t h i s  s tu d y  w i l l  be  r e p o r te d  e lse w h e re  
[6 3 -6 4 ] .
CHAPTER IV
DECENTRALIZED FILTERING AND CONTROL VIA INTERACTION MODELING
I .  I n t r o d u c t io n
The te c h n iq u e  p roposed  in  C h ap ter I I I  p ro v id e s  a  method f o r  th e  
c e n t r a l i z e d  d e s ig n  o f  a d e c e n t r a l iz e d  c o n t r o l l e r .  T h is  approach  h as  
th e  ad v an tag e  th a t  once th e  c l a s s  o f im p lem en tab le  s t r u c tu r e s  h a s  been 
chosen th e  s o lu t io n  o f th e  r e q u i s i t e  n o n l in e a r  tw o -p o in t boundary v a lu e  
problem  le a d s  to  a c o n t r o l l e r  w hich i s  o p tim a l w i th in  th e  chosen c l a s s .  
Thus, once th e  im p lem en tab le  c l a s s  has b een  s u f f i c i e n t l y  d e l in e a te d ,  
th e  d e s ig n  i s  ( c o n c e p tu a lly )  s t r a ig h t f o r w a r d .  However, th e  te c h n iq u e s  
o f C h ap ter I I I  have c e r t a i n  d is a d v a n ta g e s . Among th e s e  a r e :  (1) th e
c o n t r o l l e r  i s  d e c e n t r a l iz e d  o n ly  in  th e  o n - l in e  p h a se , (2) e f f i c i e n t  
d i s t r i b u t i o n  o f  th e  co m p u ta tio n s  r e q u ire d  in  th e  d e s ig n  o f  th e  lo c a l  
c o n t r o l l e r s  i s  d i f f i c u l t  to  o b ta in ,  (3) th e  c o m p u ta tio n a l burden  on th e
Tft
c e n t r a l  agency i s  o f  c o n s id e ra b le  m ag n itu d e , and (4 ) th e  o n ly  c o o rd in a tio n  
betw een th e  d e c is io n  m akers i s  in  th e  p la n n in g  (g a in  co m pu ta tion ) phase 
o f c o n t r o l l e r  im p lem en ta tio n  w ith  no t r a n s f e r  o f  In fo rm a tio n  a llo w ed  
d u rin g  th e  o n - l in e  p h ase .
The above d is a d v a n ta g e s  stem  p r im a r i ly  from  th e  n a tu re  o f  th e  
c o o rd in a t io n  betw een th e  DM̂  and th e  r e s u l t i n g  t a s k  a ss ig n e d  to  each  
Namely, i f  th e  DM̂  ag ree  to  a llo w  th e  d e s ig n  to  be  c a r r i e d  o u t by a
*
As a p o in t  in  f a c t ,  th e  c o m p u ta tio n a l e f f o r t  in v o lv e d  i s  l a r g e r  th an  
th a t  r e q u ir e d  in  d e s ig n in g  th e  g a in  m a tr ic e s  fo r  th e  c e n t r a l i z e d  con­
t r o l l e r .  T h is  i s  n o t an u n ex p ec ted  r e s u l t  s in c e  more s t r in g e n t  con­
s t r a i n t s  have been  im posed on th e  c o n t r o l l e r  in  th e  d e c e n tr a l iz e d  c a s e .
-6 7 -
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c e n t r a l  ag en cy , th e n  th e y  e f f e c t i v e l y  r e l e g a t e  th em se lv es  to  th e  ta s k  
o f  m erely  im p lem en ting  th e  c o n t r o l l e r  g a in  m a t r ic e s .  T hus, w h ile  th e  
approach  g iv e n  in  C h ap ter I I I  su cc e ed s  r e l a t i v e  to  th e  o b je c t iv e  o f 
d i s t r i b u t i n g  th e  o n - l in e  c o n t r o l  e f f o r t ,  i t  does n o t a c h ie v e  an e f f i ­
c i e n t  d i s t r i b u t i o n  o f  th e  d e c is io n  m aking.
A c o m p u ta tio n a lly  e f f e c t i v e  m ethod o f  d i s t r i b u t i n g  th e  d e c is io n  
making e f f o r t  i s  to  a s s ig n  a l o c a l  c o n t r o l  problem  to  each  How­
e v e r ,  due to  th e  lo c a l iz e d  n a tu r e  o f  th e  b a s ic  in fo rm a tio n  p a t t e r n
■'‘DM = r PD U  ZMD ^  I 0D,  ̂̂i  i  i  i
each  DM̂  does n o t  p o sse ss  th e  n e c e s sa ry  in fo rm a tio n  w ith  w hich to  
c a r ry  ou t th e  s o lu t io n  o f a  l o c a l  c o n t r o l  p rob lem . The d e f ic ie n c y  in  
th e  b a s ic  in fo rm a tio n  p a t t e r n  stem s from th e  f a c t  t h a t  i t  does n o t con­
t a i n  a  c h a r a c t e r i z a t i o n  of th e  i n t e r a c t i o n  p ro c e s s .  T h is  i s  r e p re s e n ­
t a t i v e  o f  w hat M esarov ic  [65] c a l l s  i n t e r n a l  system  u n c e r ta in ty .
Now from  a c e n t r a l  v a n ta g e  p o in t  i t  i s  c l e a r  t h a t  i f  a l l  l o c a l  
c o n t r o l l e r s  u s e  l i n e a r  c o n t r o l  la w s , th e n  th e  i n t e r a c t i o n  p ro c e ss  i s  
a c o lo re d  g a u s s ia n  p ro c e ss  w hich  i s  dep en d en t on th e  lo c a l  s t a t e .  I f  
th e  in fo rm a tio n  a v a i l a b le  to  DM  ̂ i s  e n la rg e d  to  in c lu d e  a l l  th e  dynam ics 
and c o n t r o l  law s o f th e  o th e r  subsystem s th e n  DM̂  can c h a r a c te r i z e  th e  
i n t e r a c t i o n  in p u t  to  and u t i l i z e  c e n t r a l i z e d  c o n tro l  th e o ry  in  th e  
d e s ig n  o f th e  lo c a l  c o n t r o l l e r .  However, such  an app ro ach  w i l l  le a d  to  
ex trem ely  c o m p lic a te d  lo c a l  c o n t r o l l e r s  In  a d d i t io n  to  r e q u i r in g  an 
e x te n s iv e  com m unications complex to  im plem ent t h i s  e n la rg e d  in fo rm a tio n  
p a t t e r n .  In  a d d i t io n ,  to  im plem ent such  an app roach  some o rd e r in g  m ust 
be p la ce d  on th e  tim es a t  w hich each  DM makes a d e c is io n .  For a  r a th e r
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com plete d is c u s s io n  o f  th e s e  team d e c is io n  problem s th e  I n te r e s te d  
re a d e r  sh o u ld  c o n su lt  th e  w ork o f Chu and Ho [6 6 -6 7 ] . In t h i s  c h a p te r  
we ta k e  a d e c id e d ly  e n g in e e r in g  approach  and do n o t c o n s id e r  th e  team - 
d e c i s io n - t h e o r e t i c  a s p e c ts  o f  th e  d e s ig n  problem .
IX . I n t e r a c t i o n  M odeling
In  t h i s  c h a p te r  each  DM̂  i s  a llo w ed  to  c h a r a c te r iz e  h i s  u n c e r­
t a i n t y  re g a rd in g  th e  i n t e r a c t i o n  p ro c e s s  by choosing  a  model from a 
p a r t i c u l a r  c l a s s  o f i n t e r a c t i o n  m odels. Two g e n e ra l  c la s s e s  o f  u n c e r­
ta in  p ro c e s s e s  a re  (1) p ro c e s s e s  w ith  a s e t  m em bership c o n s t r a in t  and
(2) p ro c e s s e s  g e n e ra te d  by s to c h a s t i c  d i f f e r e n t i a l  e q u a tio n s . In  (1 ) 
knowledge o f  th e  u n c e r ta in  p ro c e ss  c o n s i s t s  on ly  o f  th e  in fo rm a tio n  t h a t  
i t  l i e s  in  some known ( u s u a l ly  convex) s e t  and s a t i s f i e s  c e r t a in  
r e g u la r i t y  c o n d i t io n s .  The c o n t r o l  o f  sy stem s h av in g  s e t  c o n s tr a in e d  
d is tu rb a n c e s  has been  r e c e n t ly  r e p o r te d  by G lover and Schweppe[68] and 
B e rtse k a s  and Rhodes [6 9 ] .
In  t h i s  c h a p te r  we c o n s id e r  i n t e r a c t i o n  m odels from c la s s  (2 )
f o r  which th e  in fo rm a tio n  re q u ire m e n ts  l i e  somewhere betw een  th o s e  o f
c la s s  (1) and th e  t r u e  s to c h a s t i c  i n t e r a c t i o n  p ro c e s s .  The m odels
chosen a r e  m o tiv a te d  by th e  " i n f i n i t e - b u s "  concep t w hich i s  o f te n
u t i l i z e d  i n  th e  a n a ly s is  and  d e s ig n  o f  lo a d  freq u en cy  c o n t r o l l e r s  f o r
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in te rc o n n e c te d  e l e c t r i c  pow er system s . I f  one re g a rd s  th e  freq u e n cy  
d e v ia t io n  o f  th e  o th e r  a r e a s  as th e  i n t e r a c t i o n  v a r i a b l e ,  th e n  th e
For a d e t a i l e d  acco u n t o f  th e  r a m if i c a t io n s  o f t h i s  assu m p tio n  in  th e  
d e s ig n  o f  a  lo a d  freq u en cy  c o n t r o l l e r  f o r  th e  d e te r m in is t i c  c a se  th e  
in te r e s t e d  re a d e r  sh o u ld  s e e  [7 0 ].
i n f i n l t e - b u s  assu m p tio n  i s  e q u iv a le n t  to  choosing  an i n t e r a c t i o n  model 
o f  th e  form
u1 ( t )  = 0
To r e f l e c t  th e  f a c t  t h a t  th e  d e v ia t io n  may be  an unknown c o n s ta n t ,  th e  
i n i t i a l  c o n d i t io n s  f o r  th e  above m odel can be assum ed to  be g a u ss ia n  
w ith  a p p r o p r ia te  mean and c o v a r ia n c e .
G e n e ra liz in g  th e  above s i t u a t i o n ,  we assume in  t h i s  c h a p te r  th a t  
th e  i n t e r a c t i o n  m odel c o n s is t s  o f  a  d i f f e r e n t i a l  e q u a tio n  w ith  random 
i n i t i a l  c o n d i t io n s  and p o s s ib ly  d r iv e n  by w h ite  g a u s s ia n  n o is e  p ro c e ss e s  
S p e c i f i c a l l y ,  th e  i n t e r a c t i o n  m odels a r e  ta k e n  from  th e  c la s s  o f  p ro ­
c e s s e s  o f th e  form
b jd:)  = F jb jU )  +
u ±( t )  -
w ith  ^ ( t ^ , * )  a g a u s s ia n  random v a r i a b l e  w ith  mean b °  and c o v a r ia n c e ,
1 ° ,  and a w h ite  g a u ss ia n  n o is e  p ro c e ss  w ith  ze ro  mean and c o v a r ia n c e
C± . I t  i s  assumed t h a t  th e  n o is e  p ro c e s s  i s  s t o c h a s t i c a l l y  in d e p en d e n t
o f  th e  i n i t i a l  s t a t e  o f  S, and th e  i n i t i a l  s t a t e  o f  th e  i n t e r a c t i o ni
m odel.
U t i l i z i n g  t h i s  model f o r  th e  i n t e r a c t i o n s ,  DM^'s image o f  th e  
o v e r a l l  p ro c e ss  becomes
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T aking th e  o b s e r v a t io n  m odel in to  accoun t and  s u b s t i t u t i n g  in to  th e
th e  l o c a l  c o s t  f u n c t io n a l  i s  t h a t  p a r t  o f th e  o v e r a l l  c o s t  f u n c t io n a l  
w hich depends e x p l i c i t l y  on x ^ . T hat i s ,
I I I .  L o c a l C o n tr o l le r  S t r u c t u r e  and D esign  A sp e c ts
I n  t h i s  s e c t io n  a t t e n t i o n  i s  fo cu sed  on  th e  lo c a l  c o n t r o l  prob lem
tio n  I I .  I n  a d d i t io n  to  d e v e lo p in g  a d e s ig n  p ro c e d u re  f o r  th e  lo c a l  
c o n t r o l l e r ,  i t  I s  shown t h a t  th e  lo c a l  c o n t r o l l e r  has a  p a r t i c u l a r l y  
s im p le  s t r u c t u r e .
Now, from th e  v ie w p o in t o f  DM̂  th e  p ro b lem  as s p e c i f i e d  by (4 .1 )  
and (4 .2 )  I s  a  s ta n d a rd  p rob lem  in  c e n t r a l i z e d  s to c h a s t i c  c o n t r o l  th e o ry . 
Thus th e  r e s u l t s  o f C h a p te r  I I  im ply th a t  th e  s e p a r a t io n  p r i n c i p l e  i s  
a p p l ic a b le  t o  t h i s  p ro b le m ,, and hence t h a t  t h e  c o n t r o l l e r  c o n s is t s  o f  
a Kalman f i l t e r  fo llo w ed  by th e  o p tim a l c o n t r o l l e r  fo r  th e  d e te r m in is t i c  
sy stem . In  th e  fo llo w in g  we in v e s t ig a te  th e  d e t a i l e d  s t r u c t u r e  o f each
above e q u a tio n s  f o r  u ^ , DM^'s Image o f  th e  o v e r a l l  p ro c e ss  becomes
b (4 .1 )
To f u r t h e r  s p e c i f y  th e  l o c a l  c o n t r o l  problem  f o r  DM^, we assum e th a t
9 0
(4 .2 )
T h e re fo re , from  th e  v ie w p o in t o f  DM^, th e  t a s k  i s  to  d e te rm in e  a c o n t r o l
law w hich m in im izes s u b je c t  to  th e  c o n s t r a i n t  S^.
as view ed by DM̂  th ro u g h  an i n t e r a c t i o n  m odel o f  th e  form g iv e n  in  S ec -
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of these subsystems of the local controller.
A. C o n t r o l le r  Subsystem
The c o n t r o l l e r  subsystem  i s  th e  o p tim a l c o n t r o l l e r  f o r  th e  d e t e r ­
m in i s t i c  sy stem  and i s  th e r e f o r e  th e  s o lu t io n  to  th e  d e te r m in i s t i c  
o p t im iz a t io n  problem
From th e  r e s u l t s  o f  S e c tio n  I I I  , C h a p t e r m ,  th e  s o lu t io n  i s  
g iv en  by
M inim ize J
o
(4 .3 )
s u b je c t  to
(4 .4 )
(4 .5 )
mi ( t )  => “M^B.jP x i ( t ) (4 .6 )
w ith  P th e  s o lu t io n  to  th e  R ic c a t i  e q u a tio n
P = - a !  P -  PA. + pbj mj 1b!pi  i  . i “ i  1 (4 .7 )
and
xi
Now, b e c a u se  o f  th e  s p e c i a l  s t r u c t u r e  o f  th e  m a tr ic e s  A^, B^, Q^, 
and ^ in  th e  above, th e  co m p u ta tio n s  f o r  P can be  s im p l i f i e d  c o n s id ­
e r a b ly ,  [7 1 ] . P a r t i t i o n  P to  conform w ith  th e  p a r t i t i o n i n g  o f and 
n o te  t h a t  th e  s p e c i a l  s t r u c t u r e  o f  B_̂  le a d s  to
m* = - M - \ ( P l l X l  +  P ^ )  (4 .1 0 )
and th u s  P^  n o t e x p l i c i t l y  needed in  th e  fo rm a tio n  o f  th e  c o n tr o l
law . Thus i f  and P ^  a ^e  n o t  coup led  to  P ^2  in  ( 4 .7 ) ,  th e n  P2 2  
need n o t be com puted. Exam ining (4 .7 )  in  d e t a i l  i t  i s  see n  th a t  P ^  
and P .^2 can be  computed as s o lu t io n s  to  th e  d i f f e r e n t i a l  e q u a tio n s
- pnAi + V A V u  - Qi <*-u >
_ 1
P12 = (P l l Bi Mi  Bi  "  AP P12 ~ P12Pi  “ Pl l Li i Ti  ^4 *12) 
w ith  P l l Ctf ) = Qf , i  * P12( t f J = 0
I t  i s  i n t e r e s t i n g  to  n o te  t h a t  th e  feed b ack  g a in ,  w hich
c o n t r o ls  th e  amount o f  l o c a l  s t a t e  feed b ack  i s  th e  same g a in  as would
r e s u l t  i f  one n e g le c te d  th e  i n t e r a c t i o n s .  A lso  n o te  t h a t  P ^  may be
computed in d e p e n d e n tly  o f  P ^  aa£l th e n  u sed  in  th e  co m p u ta tio n  o f  P^2 “
T h is  s im p l i f i e s  th e  c o n t r o l l e r  d e s ig n  c o n s id e ra b ly . T h e re fo re  th e
c o n t r o l l e r  su b sy stem  o f  th e  l o c a l  c o n t r o l l e r  has th e  s t r u c t u r e  shown in
F ig u re  4 .1  w h e re in  P ^  and P ^2 a ra  o b ta in e d  as  th e  s o lu t io n s  o f  (4 .1 1 )
A 1
and (4 .1 2 )  and [ b^ ] i s  th e  e s t im a te  p ro v id e d  by th e  f i l t e r  to




F ig . 4 .1  S t r u c tu r e  o f  th e  c o n t r o l l e r  s e c t io n .
B. Filter Subsystem
The f i l t e r  su b sy stem  c o n s i s t s  o f  a Kalman f i l t e r  fo-r th e  
s t o c h a s t i c  system  m odel
x . = A .x . + L. .T .b .  + B.m. + w. l  i i  i i i i  i  x i
b .  = F .b .  + g . x i  i  i
yi ‘ Hll*i + Hi2Tibi + "i
(4 .1 3 )
w h ere in  i s  re g a rd e d  as a  known d e te r m in i s t i c  s i g n a l .
F i r s t  c o n s id e r  th e  c a se  in  w hich  th e  d r iv in g  n o i s e ,  to  th e
i n t e r a c t i o n  model i s  z e r o .  F o r t h i s  c a se  i t  can b e  shown {72-73] t h a t  
th e  o p tim a l e s t im a te s  can  be g e n e ra te d  by th e  s t o c h a s t i c  d i f f e r e n t i a l  
e q u a tio n s
* i  =  A A  +  Gi { y i  -  s ± i V  +  V i
(4 .1 4 )




S. (t ) = x (t ) , b-t(0 = b-r •x o i o 1 o i
From (4 .1 4 )  i t  can b e  see n  th a t  th e  o p tim a l s t a t e  e s t im a te s  a r e  g e n e ra te d  
by a  system  h av in g  th e  s t r u c tu r e  shown in  F ig u re  4 .2 .
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F ig . 4 .2  S t r u c tu r e  o f  th e  f i l t e r  s e c t i o n .
The p a ra m e te rs  in  th e  above s t r u c t u r e  a r e  g iv e n  by [72-73]
Gi  -  V I A 1 S = V V, 1 x b
-1 (4 .1 5 )
Bi  -  <Pib Hi l  +  PbHi 2 )N > V  Pi  -  f5P i 2  +  H11S>
w ith
P = A.P +  P A! x i  x x  i
Vb = Fi Vb
P H* N T ^ .- P  +  W. x i l  i  i l  x i (4 .1 6 )
(4 .1 7 )
Vx ■ <Ai  -  PxHi l Ni lHi l )Vx + (Li i Ti  -  Pxfli l N"lfli l )Vb (4'18)
M -  +  V 'H ;2)N -1 (H11Vx +  H12Vb )M (4 .1 9 )
P = V MV' xb x  b Pb "  VbW b (4 .2 0 )
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s u b j e c t  t o  th e  I n i t i a l  c o n d i t io n s
P ( t  ) = 2 °  , V, ( t  ) = Ix  o i  b o
o (4 .2 1 )
V ( t  ) = 0 M (t ) = Zx  o o
C om paring  th e  s p e c i f i c a t i o n  f o r  in  ( 4 .1 5 )  and Px  in  (4 .1 6 )  
w i th  e q u a t io n s  (2 .3 0 )  and ( 2 .3 1 )  i t  s h o u ld  b e  n o te d  t h a t  t h e  u p p e r  su b ­
s y s te m  i n  F ig u r e  4 .2  i s  t h e  i n t e r a c t i o n - f r e e  f i l t e r  f o r  S^. T h a t i s ,  
i t  i s  th e  f i l t e r  d e s ig n e d  f o r  b a se d  on th e  a s su m p tio n  t h a t  u^=0.
I n  sum m ary, f o r  th e  c a s e  i n  w h ich  £^==0, th e  l o c a l  c o n t r o l l e r  s t r u c t u r e  
h a s  th e  form  shown in  F ig u r e  4 .3 .  The d e s ig n  p ro c e d u re  f o r  th e  su b ­
sy s te m s  i n  t h i s  f i g u r e  i s  c o n ta in e d  in  e q u a t io n s  ( 4 .1 1 ) ,  ( 4 . 1 2 ) , and
( 4 . 1 5 ) - ( 4 . 21) and  may b e  o rg a n iz e d  a s  f o l lo w s .
DESIGN PROCEDURE
S te p  1 : D e s ig n  th e  i n t e r a c t i o n - f r e e  s e c t i o n  u s in g  ( 4 .1 1 ) ,  (4 .1 6 )  w ith
P ( t  ) = z °  , and G = P H ' NT1 x x o' i  * i  x  i l  i
S te p  2 : D e te rm in e  an i n t e r a c t i o n  m odel o f  th e  form
b . = F .b .  , u = T bl  i  x i  i  i
w i th  b . ( t  ) g a u s s ia n  w ith  mean b °  and c o v a r ia n c e  Z? .X O X D_̂
S te p  3: D e s ig n  i n t e r a c t i o n  s e c t io n  by  c o v e r in g  th e  c o m p u ta tio n a l
l a t t i c e  shown i n  F ig u r e  4 .4 .
In te r a c t io n -F r e e
S e c tio n
f \
I n te r a c t io n  S e c tio n




(4 .181 (4 .15)(4 .17)
*11
(4 .11 ) (4.15),(4.12). (4 .151
(4.201
(4.201
F ig . 4 .4  L a t t i c e  o f  d e sig n  com putations.
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In  th e  c a se  p re s e n te d  above I t  was assumed t h a t  th e  n o is e  d r iv in g  th e  
I n t e r a c t i o n  model I s  I d e n t i c a l l y  z e ro . I t  I s  p o s s ib le  to  remove t h i s  r e ­
s t r i c t i o n  b u t  a p p a r e n t ly  [72] a t  th e  expense  o f  lo s in g  some o f  th e  s im p li­
c i t y  o f  th e  f i l t e r  s t r u c t u r e .  T h a t i s ,  i f  th e  n o i s e ,  5^, 1b n o t  i d e n t i c a l l y  
z e ro  th e n  a p p a r e n t ly  one can n o t s e p a r a te  th e  f i l t e r  i n to  su b system s o f  
th e  form  shown In  F ig u re  4.3;—n o te  t h a t  th e  two s e c t io n s  shown I n  t h i s  
f ig u r e  a r e  n o t  o n ly  d y n am ica lly  s e p a ra te d  b u t a r e  a l s o  s e p a ra te d  r e l a t i v e  
to  th e  g a in  c o m p u ta tio n s . However even  f o r  th e  c a s e  in  w hich 4 0 i t  i s
p o s s i b l e ,  u s in g  th e  tr a n s fo rm a tio n  d is c u s s e d  i n  A ppendix C to  o b ta in  a  
s t r u c t u r e  h av in g  a  form  s im i la r  to  t h a t  in  F ig u re  4 .3 .
To t r e a t  th e  c a se  4 0 ,  r e tu r n  to  (4 .1 3 ) and d e f in e
X. A 'L j .T .-i A  — H  i l  i
b~ t A ~ ~o ” f T
- K _  i i
H ■ [Bii Bi2]
• - I 3 -  * n = rv
m = V i
and n o te  t h a t  (4 .1 3 )  can be w r i t t e n  a s
x  * Ax + m (t) 4* w 
y » Hx + n (4 .1 3  )
Comparing (4 .1 3  ) w ith  (2 .3 )  and ( 2 .6 )  i t  i s  n o te d  t h a t  th e  f i l t e r  f o r  
th e  p ro c e s s  d e s c r ib e d  by (4 .1 3 )  i s  g iv e n  by ( 2 .3 0 ) ,  (2 .3 1 )  and ( 2 .1 3 ) .  
T h e re fo re  th e  f i l t e r  e q u a tio n s  can  be w r i t t e n
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xi  “  Ai xi  + ^Li i ~ G,Bi2 ^ Ti b i  + Gl* y i ”**ilXi^  ^  Bi mi  
B± - (F1-02S12T1)£1 + e2(yt  - H±>x1)
(4.22)
Now d e f in e
Ai  (Li r Gi Bi2 )Ti  
- 0 Fi " G2"i2Ti .
and make th e  A -based t r a n s fo rm a tio n  o f  A ppendix C
v = T |x ± b± |
to  o b ta in  (s e e  exam ple in  A ppendix C)
V1 Ai Vl  + Bl mi  +  ^G1 + T12G2 ^ y i “Hi l ^ Vl “T12V2 ^  
v2 = “ v 2 + G2^yi  " Bi l^ vi _T12V2 ^
w ith
a° -  F± -  G2H±2Tl
xi  V1 “  T12V2
b i  = V2
and
T12 Ai T12 "  T1 2 (F i  G2Bi2 Ti J ~ *Li i “ Gl Bi2 ^ Ti
Ti 2 ( t o ) = 0
(4 .2 3 )
(4 .2 6 )





F ig . 4 .5  A p a r t i a l l y  deco u p led  f i l t e r  f o r  £ ^ 0 .
Two b a s ic  d i f f e r e n c e s  sh o u ld  b e  n o te d  betw een F ig u re s  4 .2  and 4 .5 :
(1) th e  upper s e c t io n  o f F ig u re  4 .5  I s  n o t  th e  i n t e r a c t i o n - f r e e  s e c t io n  
o f  F ig u re  4 .2  s in c e  th e  g a in  i s  n o t  th e  i n t e r a c t i o n - f r e e  g a in ,
A A
and (2) th e  r e s i d u a l s  ( r )  depend on b o th  x^ and b^ i n  4 .5  w hereas in
a
4 .2  th e  r e s id u a l s  a r e  in d ep en d en t o f  b ^ . T hus, i n  com puting th e  r e s i d u a l s ,  
th e  f i l t e r  o f  F ig u re  4 .5  r e q u i r e s  a  b i d i r e c t i o n a l  c h an n e l betw een th e  
two s e c t io n s  w hereas th e  f i l t e r  o f  F ig u re  4 .2  r e q u i r e s  o n ly  a  u n i d i r e c t i o n a l  
c h a n n e l.
These a d d i t io n a l  com m unication re q u ire m e n ts  co u p led  w ith  th e  f a c t  
t h a t  th e  g a in  co m p u ta tio n s  r e q u i r e  th e  s o lu t io n  o f  a h ig h e r  d im e n s io n a l
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R ic c a t i  e q u a tio n  make th e  f i l t e r  f o r  th e  c a s e  4  0 m ore d i f f i c u l t  to  
Im plem ent. However, th e r e  i s  a  p o t e n t i a l  t r a d e o f f  p r e s e n t  h e re  w hich 
sh o u ld  be c o n s id e re d  in  th e  a p p l i c a t io n  o f  th e s e  r e s u l t s .  Namely, i f  
E;̂  i s  assumed to  be z e ro , th e  i n t e r a c t i o n  s e c t io n  o f th e  f i l t e r  w i l l  
e v e n tu a l ly  b e g in  to  ig n o re  th e  r e s id u a l s  and  may th e r e f o r e  d iv e rg e  [7 4 ], 
More s p e c i f i c a l l y ,  n o te  from  (4 .1 6 )  and th e  d e f i n i t i o n  o f  3 t h a t  i f  th e  
i n t e r a c t i o n  m odel I s  s t a b l e  th e n  0 a s  t  -* °° and th u s  6 ■+ 0 a s  t  00.
In  c o n t r a s t ,  i f  ^  0 , th e n  th e  n o is e  c o v a r ia n c e  d r iv in g  th e  term  W in
th e  R ic c a t i  e q u a tio n  w i l l  cau se  th e  g a in , G2 * in  th e  i n t e r a c t i o n  s e c t io n  
to  re a c h  a  s t e a d y - s ta t e *  nonzero  v a lu e  and hen ce  th e  f i l t e r  w i l l  co n tin u e  
to  " lo o k  a t"  th e  i n t e r a c t i o n s .  For system s i n  w hich th e  i n t e r a c t i o n  
m odel i s  o f  low d im ension  ( e .g .  i n f i n i t e  b u s  m odels i n  power sy s te m s), 
th e  in c re a s e d  co m p lex ity  engendered  by assum ing  ^ 0 w i l l  p ro b a b ly  n o t 
be  l a r g e  and h en ce  f o r  t h i s  c l a s s  o f sy stem s i t  w i l l  p ro b a b ly  be b e s t  
to  In c lu d e  a  n o is e  d r iv in g  te rm  i n  th e  i n t e r a c t i o n  m odel.
Assuming th a t  th e  system  model i s  tim e in v a r i a n t  and o b s e rv a b le .
CHAPTER V
CONCLUSIONS AMD SUGGESTIONS FOR FURTHER RESEARCH
The r e s e a rc h  i n i t i a t e d  in  t h i s  p a p e r  has p ro v id e d  th e  fo llo w in g
s p e c i f i c  r e s u l t s :
(1) A fo rm u la t io n  o f th e  d e c e n t r a l iz e d  c o n t r o l  and f i l t e r i n g  p rob lem s 
f o r  l a r g e - s c a l e  s t o c h a s t i c  sy stem s w ith  p a r t i c u l a r  em phasis on th e  
in fo rm a t io n  flow  c o n s t r a in t s  w hich  a r e  o f te n  p r e s e n t  in  such  
sy s te m s  has been d e v e lo p e d .
(2) A d e r iv a t io n  o f th e  o p tim a l d e c e n t r a l i z e d  f i l t e r  w i th in  a  c e r t a i n  
c l a s s  h a s  been g iv e n  to g e th e r  w i th  a  d e l in e a t io n  o f  th e  c o n d it io n s  
u n d e r w hich such  a  f i l t e r  e x i s t s .  The s t r u c t u r a l  and d e s ig n  a s p e c ts  
o f  t h i s  f i l t e r  h av e  b e en  in t e r p r e t e d  in  te rm s o f  th e  s ta n d a rd  cen­
t r a l i z e d  Kalman f i l t e r .  In  p a r t i c u l a r  i t  h a s  been  shown t h a t  sub­
j e c t  to  some c o m p u ta tio n a l ly  s im p le  m o d if ic a t io n s ,  a lg o r ith m s  a v a i l ­
a b l e  f o r  th e  d e s ig n  o f  th e  s ta n d a rd  f i l t e r  may be u t i l i z e d  in  th e  
d e c e n t r a l i z e d  c a s e .  A q u a l i t a t i v e  d is c u s s io n  o f  th e  f i l t e r  p e r ­
fo rm ance  has been  g iv e n  to g e th e r  w ith  an o b s e r v a b i l i t y  c o n d i t io n  
w hich  w i l l  in s u re  t h a t  th e  e r r o r  c o v a r ia n c e  i s  a s y m p to t ic a l ly  
s t a b l e .  In  a d d i t io n  to  th e s e  q u a l i t a t i v e  r e s u l t s ,  q u a n t i t a t i v e  
p e rfo rm an ce  d a ta  h a v e  been  g e n e ra te d  f o r  th e  c a s e  o f  s t a t e  e s t i ­
m a tio n  in  a tw o -a re a  power sy stem .
(3) A s im p le  and a p p a r e n t ly  new d e r iv a t io n  o f  th e  s e p a r a t io n  theorem  
o f  c e n t r a l i z e d  s t o c h a s t i c  c o n t r o l  th e o ry  h a s  b een  p ro v id e d . T h is  
r e s u l t ,  which i s  o f  I n t e r e s t  in  I t s  own r i g h t ,  h a s  been  u sed  to
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i n v e s t i g a t e  th e  a p p l i c a b i l i t y  o f  th e  s e p a r a t io n  p r i n c i p l e  fo r  th e  
c la s s  o f  c o n t r o l l e r s  in tro d u c e d  in  C h a p te r  I I I .
(4 ) A m o deling  app roach  to  d e c e n t r a l i z e d  c o n t r o l l e r  d e s ig n  h as  been 
in tro d u c e d  v i a  a p a r t i c u l a r  c la s s  o f i n t e r a c t i o n  m od e ls . The 
s t r u c t u r a l  and d e s ig n  a s p e c ts  o f  th e  r e s u l t i n g  lo c a l i z e d  c o n t r o l l e r  
have b een  in v e s t ig a te d  i n  c o n s id e ra b le  d e t a i l .
T h is  a u th o r  b e l ie v e s  t h a t  th e  d e v e lo p in g  a re a  o f  d e c e n t r a l iz e d  
f i l t e r i n g  and c o n t r o l  s t r u c t u r e s  o f f e r s  a num ber o f  p o s s i b i l i t i e s  fo r  
f u r t h e r  r e s e a r c h .  In  r e l a t i o n  to  th e  work p re s e n te d  h e re  some o f  th e s e  
a r e :
(1 ) A q u a n t i t a t i v e  s tu d y  o f  th e  p e rfo rm an ce  o f  th e  d e c e n t r a l i z e d
f i l t e r  f o r  p a r t i c u l a r  sy stem  c la s s e s .  A s tu d y  o f  t h i s  ty p e  i s  
c u r r e n t ly  in  p ro g re s s  f o r  th e  c a s e  o f  a  two—a re a  pow er sy stem . 
P re l im in a ry  r e s u l t s  from  t h i s  s tu d y  a r e  g iv e n  in  A ppendix D and 
w i l l  a l s o  be  p re s e n te d  in  [7 5 ] . Work i s  a ls o  in  p ro g r e s s  in  
I n v e s t ig a t in g  th e  p e rfo rm an ce  o f  an e x ten d e d  v e r s io n  o f  t h i s  
f i l t e r  when a p p l ie d  to  a  n o n l in e a r  sy stem  [7 9 ] .
(2 ) The a ssu m p tio n  re g a rd in g  th e  ran k  o f  i s  somewhat r e s t r i c t i v e  
and th u s  i t  would th e r e f o r e  b e  u s e f u l  to  s tu d y  th e  c a s e  in  w hich 
th e  s u r e ly  l o c a l l y  u n b ia se d  c l a s s  i s  em pty . A s tu d y  o f  th e  amount 
o f  im provem ent o b ta in e d  by a llo w in g  f i l t e r s  t h a t  a r e  o u ts id e  th e
S .L .U . c l a s s  w ould a ls o  be o f  i n t e r e s t .
(3 ) In  th e  more d i f f i c u l t  a r e a  o f  d e c e n t r a l i z e d  c o n tr o l  a  n u m e ric a l
s tu d y  o f  th e  c o n t r o l l e r s  b a se d  on th e  i n t e r a c t i o n  m odeling  te c h ­
n iq u e  would c e r t a i n l y  be a  s u i t a b l e  p r o j e c t  a t  th e  m a s t e r 's  l e v e l .  
T h is  s tu d y  f o r  th e  p a r t i c u l a r  c a se  o f  in te rc o n n e c te d  power system s
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cou ld  u se  th e  r e s u l t s  o f  C hap ter IV to  ex tend  e a r l i e r  work in  [70] 
to  th e  s to c h a s t i c  c a s e .
(4 ) W hile th e  i n t e r a c t io n  m odeling  te c h n iq u e  r e s u l t s  i n  c o n t r o l l e r s  
h av in g  a s im p le  s t r u c t u r e ,  th e  l a r g e - s c a l e / d e c i s i o n  th e o r e t i c  
a s p e c ts  o f  t h i s  ap p ro ach  have n o t b e e n  in v e s t ig a te d  i n  t h i s  p a p e r .  
R e la t iv e  to  choosing  th e  i n t e r a c t io n  m odels i t  would b e  o f i n t e r e s t  
to  d e te rm in e  c o n d it io n s  under w hich t h e r e  e x is t  o p t im a l  ( in  an 
a p p r o p r ia te  sen se ) i n t e r a c t i o n  m o d e ls . For exam ple, u n d e r what 
c o n d i t io n s  does th e  c l a s s  o f i n t e r a c t i o n  models ad m it a  Nash,
P a r e to ,  e t c .  e q u i l ib r iu m .
(5 ) The c o n t r o l  and f i l t e r i n g  s t r u c tu r e s  I n v e s t ig a te d  in  t h i s  re s e a rc h  
a re  v e ry  c lo s e  to  b e in g  co m p le te ly  d e c e n t r a l iz e d .  Thus an im p o r ta n t 
a s p e c t  o f  d e c e n t r a l iz e d  s t r u c tu r e s  h a s  been  o m itte d . Namely, we 
have n o t  co n sid e red  th e  p o s s i b i l i t y  o f  a llo w in g  th e  l o c a l  c o n t r o l l e r s  
to  com m unicate w ith  e a c h  o th e r .  I t  sh o u ld  be n o te d  t h a t  any in ­
v e s t i g a t i o n  o f  such s t r u c t u r e s  m ust in c lu d e  some c o s t  o f  communi­
c a t io n  in  th e  p e rfo rm an ce  f u n c t io n a l .  T h is  a sp e c t o f  such  a s tu d y  
would p ro b ab ly  in c r e a s e  th e  d i f f i c u l t y  o f  t h i s  i n v e s t i g a t i o n  by a  
c o n s id e ra b le  amount— one o f  th e  m a jo r problem s a p p e a rs  to  be th e  
d e te rm in a tio n  of a  c o s t  fu n c t io n a l  w h ich  acco u n ts  f o r  th e  communi­
c a t io n  c o s ts  and a t  t h e  same tim e  i s  am enable to  a n a l y t i c a l  w ork.
The a u th o r  i s  n o t aw are  o f  any p r e v io u s  re se a rc h  i n  t h i s  p a r t i c u l a r
*
a re a  o f  d e c e n tr a l iz e d  s t r u c tu r e s  .
A p o s s ib le  e x ce p tio n  to  t h i s  i s  th e  v e ry  r e c e n t  work o f  Aoki [20] . How— 
no com m unication c o s ts  a r e  accoun ted  f o r  in  t h i s  work.
REFERENCES
[1] K .J .  A strom , " C o n tro l P roblem s In  P ap erm ak in g ," P ro c . IBM 
S c i e n t i f i c  Computing Symposium C o n tro l Theory and A p p lic a t io n s , 
p p . 135-167 , Yorktown H e ig h ts , N .Y ., 1964.
[2] R .E , M ortensen , "M ath em atica l P rob lem s o f  M odeling S to c h a s t ic  
N o n lin e a r  Dynamic S y s tem s,"  J .  o f  S t a t i s t i c a l  P h y s ic s , V ol. 1 ,
No. 2 ,  pp . 271-296 , 1969,
[3] A. B la n c -L a p ie r r e , and R. F o r t e t ,  Theory o f  Random F u n c tio n s , 
T ranB . by J .  G an i, Gordon and B reach , New Y ork, 1965,
[4] R .E . Kalman, P .L . F a lb , M.A. A rb lb , T op ics In  M athem atica l 
System  T heory , M cG raw -H ill, New Y ork, N .Y ., 1969.
[5] D.A. Wismer ( E d .) ,  O p tim iz a tio n  M ethods f o r  L a rg e -S c a le  SyBtems— 
w ith  A p p l ic a t io n s , M cG raw -H ill, New Y ork, N .Y ., 1971.
[6] P.V . K o k o to v ic , W.R. P e rk in s ,  J .B .  C ruz, G. D 'A ns, "e -C o u p lin g  
M ethod f o r  N ear Optimum D esign  o f  L a rg e -S c a le  L in e a r  S ystem s,"  
P ro c . IEE. V ol. 116, No. 5 , p p . 889-892, 1969.
[7] J .D . P e a rso n , S. R e ich , "D ecom position  o f L arg e  O ptim al C o n tro l 
P ro b lem s,"  P ro c . IEE. V ol. 114, No. 6 , p p . 8 4 5 -8 5 1 , 1967.
[8] M. A oki, " C o n tro l o f  L a rg e -S c a le  Dynamic System s by A g g re g a tio n ,"  
IEEE T ran s . A uto . C o n tro l . V o l. AC-13, No. 3, p p . 246-253, 1968.
[9] T. M arschak, " C e n t r a l i z a t io n  and D e c e n t r a l iz a t io n  i n  Economic 
O rg a n iz a tio n s ,"  E co n o m e trlc a , V o l. 27, No. 3 , p p . 399-430, 1959.
[10] H .J .  K ru ls in g a  (E d .) ,  The B alance  Between C e n t r a l i z a t io n  and 
D e c e n t r a l i z a t io n  in  M an a g e ria l C o n tro l, H .E. S te n f e r t  K roese , 
L e id e n , 1954.
[11] K .J .  Arrow, " O p tim iz a tio n , D e c e n t r a l iz a t io n ,  and I n t e r n a l  P r ic in g  
in  B u sin ess  F irm s ,"  in  C o n tr ib u t io n s  to  S c i e n t i f i c  R esearch  in  
Management, U niv. C a l i f o r n ia  P r e s s ,  1959.
[12] K .J .  Arrow, L . H urw icz, " D e c e n t r a l iz a t io n  and C om putation in  
R esou rce  A llo c a t io n ,"  i n  R.W. P fo u ts  ( E d .) ,  E ssay s  on Economics 
and E c o n o m e tric s , U niv. N o rth  C a ro lin a  P r e s s ,  1960.
[13] R. R adner, "Team D e c is io n  P ro b lem s,"  A nnals o f  M athem atica l 
S t a t i s t i c s ,  V o l. 33 , pp . 857-881 , 1962.
[14] R. R adner, "The E v a lu a tio n  o f  In fo rm a tio n  in  O rg a n iz a t io n s ,"
P ro c . o f  th e  F o u rth  B erk e ley  Symposium on P r o b a b i l i t y  and 
M ath em atica l S t a t i s t i c s , pp . 491-530 , U niv. C a l i f o r n ia  P re s s ,  



















C.H. K r ie b e l ,  " Q u a d ra tic  Teams, In fo rm a tio n  Econom ics, and 
A ggregate  P lan n in g  D e c is io n s ,"  E co n o m e tric s , V o l. 36 , No. 3 -4 , 
pp. 5 3 0 -5 4 3 , 1968.
C.H. K r ie b e l ,  " In fo rm a tio n  P ro c e s s in g  and Programmed D ecis io n  
S y s te m s,"  Management S c ie n c e , V o l. 16 , No. 3 , p p . 149-164, 1969.
J .D . S c h o e f f le r ,  L .S . L asdon, " D e c e n tra l iz e d  P la n t  C o n tro l ,"
ISA T r a n s . Vol. 5 , No. 2 , pp. 17 5 -1 8 3 , 1966.
R. L au, R.C.M. P e r s ia n o , P .P . V a ra iy a , " D e c e n tra l iz e d  In fo rm a tio n  
and C o n tro l :  A N etw ork Flow E xam ple," IEEE T ra n s . A uto . C o n tro l, 
V ol. AC-17, No. 4 , p p . 466-473, 1972.
M. A ok i, "On Feedback S t a b i l i z a b i l i t y  o f D e c e n tra l iz e d  Dynamic 
S y s tem s,"  A u to m atica . V o l. 8, p p . 163-173 , 1972.
M. A o k i, "On D e c e n tra l iz e d  L in ea r S to c h a s t ic  C o n tro l Problem s 
w ith  Q u a d ra tic  C o s t" , IEEE T ran s . A u to . C o n tro l , V o l. AC-18, No.
3, pp . 243-250 , 1973.
C.W. S a n d e rs , J r . ,  E .C . T acker, T .D . L in to n , " D e c e n tra l iz e d  
S to c h a s t ic  C o n tro l o f  L a rg e -S c a le  System s v ia  C o n s tra in e d  Con­
t r o l l e r s , "  P roc . 1973 SWIEEECO. p p . 1 -3 , 1973.
R .J . M ouly, "System s E n g in ee rin g  i n  th e  G lass I n d u s t r y ,"  IEEE 
T ran s . System  S c ie n ce  and C y b e rn e tic s . Vol. SSC-5, p p . 300-312, 
O ct. 1969.
R.G. K a e n e l, "M in icom puters—A P r o f i l e  o f  Tom orrow 's Component", 
IEEE T ra n s . Audio and E l e c t r o a c o u s t i c s . V ol. AU-18, pp . 354-379, 
Dec. 1970 .
Y.C. Ho, " D i f f e r e n t i a l  Games, Dynamic O p tim iz a tio n  and G en e ra liz e d  
C o n tro l T h eo ry ,"  J .  O p tim iz a tio n  T heory  and A p p l ic a t io n s , V ol. 6 , 
No. 3 , p p . 179-209, 1970.
A.H. J a z w in s k i ,  S to c h a s t ic  P ro c e s se s  and F i l t e r i n g  Theory ,
Academic P r e s s ,  New Y ork , 1970,
1 .1 . Gikhman, and A.V. Skorokhod, In t r o d u c t io n  to  th e  Theory 
o f Random P ro c e s s e s , W.B. S au n d ers , F h i l a . ,  P a . ,  1969.
J .L .  Doob, S to c h a s t ic  P r o c e s s e s , Jo h n  W iley , New Y ork , 1953.
K.F. G au ss , Theory o f  M otion o f  th e  H eavenly B o d ie s , D over, New 
Y ork, New Y ork, 1963.
H.W. S o ren so n , " L e a s t  Squares E s t im a t io n :  from  GauBs to  K alm an," 
IEEE S p ec tru m , pp. 6 3 -6 8 , J u ly ,  1970.
J.M . M endel, and D .L, G ie se k in g , "B ib lio g ra p h y  on th e  L in e a r-  
Q u a d ra tic -G a u ss ia n  P ro b lem ,"  IEEE T ra n s . Auto C o n tr o l , V ol. AC- 
16, No. 6 , pp . 84 7 -8 6 9 , 1971.
88
[31] N. W iener, The E x t r a p o la t io n ,  I n t e r p o la t i o n ,  and Sm oothing o f 
S ta t io n a ry  Time S e r ie s  w ith  E n g in ee rin g  A p p l ic a t io n s , John  W iley ,
New Y ork, 1949.
[32] A.N. Kolmogorov, " I n t e r p o la t i o n  and E x t r a p o la t io n  o f  S ta t io n a ry  
Time S e r i e s , "  B u l le t in  Acad. S c ie n ce s  USSR M ath. S e r . . V o l. 5 , 
pp. 3 -14 , 1941.
[33] R .E. Kalman, "A New A pproach to  L in e a r  F i l t e r i n g  and P r e d ic t io n  
P ro b lem s,"  T ra n s . ASME. J .  B as ic  E n g in e e r in g . V ol. 82D, p p . 34 -4 5 ,
1960.
[34] R .E. Kalman, "New R e s u l ts  i n  L in e a r  F i l t e r i n g  and P r e d ic t to n  
T h e o ry ,"  T ra n s . ASME, J .  B as ic  E n g in e e r in g . V ol. 82D, p p . 9 5 -1 0 8 ,
1961.
[35] T .F . G unckel, G .F. F r a n k l in ,  "A G en era l S o lu t io n  f o r  L in e a r  Sam pled- 
D ata  C o n tro l S y s tem s,"  T ra n s . ASME, J .  B a s ic  E n g in e e r in g , V o l. 85D, 
pp . 197-203 , 1963.
[36] J .E .  P o t t e r ,  "A G u id an ce -N av ig a tlo n  S e p a ra t io n  Theorem ", M .I.T .
Exp. A stro n . L a b .,  R ep o rt RE-11, 1964.
[37] W.M. Wonham, "On th e  S e p a ra tio n  T heorem -of S to c h a s t ic  C o n t r o l ,"
SIAM J .  C o n tr o l , V ol. 6 , p p . 312-326, 1968.
[38] R.A. B rooks, "L in e a r  S to c h a s t ic  C o n tro l:  An E xtended S e p a ra tio n
P r i n c i p l e , "  J .  Math. A n a ly s is  and A p p l ic a t io n s , V ol. 38, p p . 569-
587, 1972.
[39] R.A. B rooks, "On th e  S e p a ra tio n  Theorem o f  S to c h a s t ic  O ptim al 
C o n tro l ,"  I n t .  J .  C o n tro l , V o l. 16 , No. 5 , pp . 985-991 , .1972.
[40] H .S . W ltsen h au sen , " S e p a ra t io n  o f E s t im a tio n  and C o n tro l f o r  
D isc re te -T im e  S y stem s,"  P ro c . IEEE, V o l. 5 9 , No. 11, pp . 1557- 
1566, 1971.
[41] M. A th an s, and E. T se , "A D ire c t  D e r iv a t io n  o f  th e  O ptim al L in e a r  
F i l t e r  U sing th e  Maximum P r i n c i p l e , "  IEEE T ran s . A uto . C o n tro l ,
V ol. AC-12, No. 6 , pp . 690 -698 , 1967.
[42] D .E. Jo h an se n , "O ptim al C o n tro l o f  L in e a r  S to c h a s t ic  SystemB w ith  
C om plexity  C o n s t r a in t s ,"  i n  C .T . Leondes ( E d .) ,  Advances in  Con­
t r o l  S y stem s, V ol. 4 , p p . 182-278 , 1966.
[43] C .S . Sim s, and  J .L .  M elsa , " S p e c i f ic  O p tim al E s t im a t io n ,"  IEEE 
T ra n s . A uto . C o n tro l , V o l. AC-14, No. 2 , p p . 183 -186 , 1969.
[44] E .C . T a c k e r , T.D. L in to n , and C.W. S a n d e rs , J r . ,  "Open-Loop 
O ptim al C o n tro l o f  a  C la s s  o f  C ontinuous-T im e S to c h a s t ic  System s—
A S im u la tio n  S tu d y ,"  I n t .  J .  C o n tro l . (A ccep ted  f o r  P u b l ic a t io n )
89
[45] E .C . T ack er, C.W. S a n d e rs , J r . ,  and T .D . L in to n , "F u n c tio n -S p ac e  
D erived  A lg o rith m s f o r  th e  C o n tro l o f  C ontinuous-T im e S to c h a s t ic  
S y s tem s,"  1971 IEEE C onference  on D e c is io n  and C o n tro l , Miami, 
F lo r id a ,  December 16 -18 , 1971.
[46] E .C . T ack er, C.W. S an d ers , J r . ,  and T .D . L in to n , "S u b o p tlm al 
Feedback C o n tro l  o f  C ontinuous-T im e S to c h a s t ic  System s v i a  L in ea r 
F u n c tio n a l R e p r e s e n ta t io n ,"  T h ird  Symposium on N o n lin e a r  E s tim a tio n  
and ItB A p p l ic a t io n s , San D iego , C a l i f o r n i a ,  S ep tem ber, 1 1 -1 3 , 1972.
[47] E .C . T ack er, C.W. S an d ers , J r . ,  and T .D . L in to n , "A P r i o r i  Open- 
Loop S to c h a s t ic  C o n tro l:  The V ecto r C ase " , F i f t h  A nnual South­
e a s te r n  Symposium on System  T heory . R a le ig h , N orth  C a r o l in a ,
M arch 22-23 , 1973.
[48] E .C . T acker, C.W. S an d ers , J r . ,  and T.D. L in to n , "A C om p u ta tio n a l 
A lg o rith m  f o r  th e  O ptim al C o n tro l o f  C ontinuous-T im e S to c h a s t ic  
S y stem s,"  IEEE T ra n s . A uto. C o n tro l . V o l. AC-18, No. 3 , 1973.
[49] T.D . L in to n , "A F u n c tio n  Space Approach to  th e  S to c h a s t ic  O ptim al 
C o n tro l P ro b lem ,"  D i s s e r t a t i o n ,  L o u is ia n a  S ta te  U n iv e r s i ty ,
B aton Rouge, L a . ,  1973.
[50] L .S . P o n try a g in , V.G. B o lty a n s k i ,  R.V. G am kre lldze , and  E .F . 
M ishchenko, The M ath em atica l Theory o f  O p tim al P r o c e s s e s , t r a n s .  
by K.N. T r l r o g r o f f ,  Ed. by L.W. N e u s ta d t ,  I n t e r s c i e n c e ,  Jo h n  
W iley , New Y ork, 1962.
[51] M. A thans, "The M atr ix  Minimum P r i n c i p l e , "  In fo rm a tio n  and  C o n tro l , 
V o l. 11, p p . 592 -606 , 1967.
[52] R.W. B ro c k e tt ,  F i n i t e  D im ensional L in e a r  S ystem s, John  W iley ,
New Y ork, N .Y ., 1970.
[53] E . Wong, S to c h a s t ic  P ro c e s se s  i n  In fo rm a tio n  and Dynam-frai 
S y stem s, M cG raw -H ill, New Y ork, N .Y ., 1971.
[54] J.M . M endel, "C o m p u ta tio n a l R equirem ents f o r  a  D is c r e te  Kalman 
F i l t e r , "  IEEE T ra n s . A uto. C o n tro l . V ol. AC-16, No. 6 ,  p p . 748- 
758 , 1971.
[55] V .S . Sam ant, and  H.W. S o ren so n , "On R educing th e  C o m p u ta tio n a l Burden 
i n  th e  Kalman F i l t e r , "  P ro c . T h ird  Symposium on N o n lin e a r  E s tim a tio n  
and I t s  A p p l ic a t io n , pp . 192 -201 , 1972.
[56] E .D . N e rin g , L in e a r  A lgebra  and M atrix  T h eo ry , 2nd E d i t io n ,  John 
W iley , New Y ork , N .Y ., 1970.
[57] R .E . Kalman, "M ath em atica l D e s c r ip t io n  o f  L in e a r  D ynam ical S y s tem s,"  
SIAM J .  C o n tro l , S e r . A, V o l. 1 , No. 2 , p p . 152-192, 1963 .
[58] R .S . Bucy, "G lo b a l Theory o f  th e  R ic c a t i  E q u a tio n " , J . Computer and 
System  S c ie n c e s , V ol. 1 , No. 4 , pp . 3 4 9 -3 6 1 , 1967.
90
[59] W.M. Wonham, "On a  M atrix  R ic c a t i  E q u a tio n  o f  S to c h a s t ic  C o n tr o l ,"  
SIAM J .  C o n tro l . S e r . A, V o l. 6 , No. 4 , p p . 681 -697 , 1968.
[60] D.H. Jac o b so n , "New C o n d itio n s  f o r  Boundedness o f th e  S o lu t io n  o f 
a  M atr ix  R ic c a t i  E q u a tio n ,"  J .  D i f f e r e n t i a l  E q u a tio n s , V o l. 8 , No.
2 , pp . 258 -263 , 1970.
[61] C.Y. Chong and M. A thans, "On th e  S to c h a s t ic  C o n tro l o f  L in e a r  
System s w ith  D i f f e r e n t  In fo rm a tio n  S e ts " ,  IEEE T ra n s . A uto . C o n tro l . 
V o l. AC-16, pp . 423-430 , 1971.
[62] P. Dyer and S .R . M cReynolds, The C om putation and Theory o f O ptim al 
C o n tro l , Academic P r e s s ,  New Y ork , N .Y ., 1970.
[63] T .D . L in to n , D .R. F is c h e r ,  E .C . T ack er, and C.W. S a n d e rs , J r . ,  
" D e c e n tra l iz e d  C o n tro l o f  an  In te rc o n n e c te d  E l e c t r i c  Energy System  
S u b je c t to  In fo rm a tio n  Flow C o nstra in ts '^V  1973 IEEE C onference  on 
D e c is io n  and C o n tro l , San D iego , C a l i f o r n i a ,  December 5 -7 , 1973
[64] C.W. S a n d e rs , J r . ,  D.R. F i s c h e r ,  E .C . T a c k e r , and T.D. L in to n , 
" D e c e n tra l iz e d  S to c h a s t ic  C o n tro l o f an  In te rc o n n e c te d  E l e c t r i c  
Energy S y stem ,"  A l le r to n  C onference  on C i r c u i t s  and S ystem s, O c to b er, 
1973.
[65] M.D. M esa ro v ic , D. Macko and Y. T ak ah ara , T heory o f  H ie r a r c h ic a l  
M u l t i le v e l  S y s tem s. Academic P r e s s ,  New Y ork, 1970.
[66] Y .C . Ho, and K .C . Chu, "Team D e c is io n  Theory and In fo rm a tio n  
S t r u c tu r e s  In  O p tim al C o n tro l P roblem s— P a r t  I , "  IEEE T ra n s . A u to . 
C o n tro l , V o l. AC-17, No. 1 ,  p p . 1 5 -2 2 , 1972.
[67] K.C. Chu, "Team D e c is io n  Theory and In fo rm a tio n  S t r u c tu r e s  In  
O ptim al C o n tro l Problem s— P a r t  I I , "  IEEE T ra n s . A uto . C o n tro l ,
V o l. AC-17, No. 1 ,  pp . 2 2 -2 8 , 1972.
[68] J .D . G lo v e r, and  F .C . Schweppe, " C o n tro l o f  L in e a r  Dynamic System s 
w ith  S e t C o n s tra in e d  D is tu rb an cesV ” IEEE T ra n s . A u to -C o n tro l,
V o l. AC-16, No. 5 , pp . 41 1 -4 2 3 , 1971.
[69] D .P . B e r ts e k a s ,  and I .  R hodes, "On th e  Mlnimax R e a c h a b i l i ty  o f 
T a rg e t S e ts  and T a rg e t T u b e s ,"  A u to m atica , V o l. 7 , No. 2
p p . 233-247, 1971.
[70] T.W. Reddoch, lfModels and C ost F u n c tio n a ls  f o r  O p tim al A utom atic  
G e n e ra tio n  C o n t r o l l e r s , "  Ph .D . D i s s e r t a t i o n ,  L o u is ia n a  S ta te  
U n iv e r s i ty ,  1973.
[71] R.M. D r e s s ie r ,  and R .E. L a rso n , "C om putation  o f  O ptim al C o n tro l in  
P a r t i a l l y  C o n tro l le d  L in e a r  S y s tem s,"  IEEE T ra n s . A uto . C o n tro l .
V ol. AC-14, No. 5 , p p . 5 7 5 -5 7 8 , 1969.
[72] B. F r ie d la n d , "T rea tm en t o f  B ias  In  R ec u rs iv e  F i l t e r i n g , "  IEEE 
T ra n s . A uto. C o n tro l ,  V ol. AC-14, No. 4 , p p . 359-367 , 1967.
91
[73] E .C . T a c k e r , and  C .C . L ee , " L in e a r  F i l t e r i n g  I n  th e  P re s e n c e  o f  
T im e-V ary ing  B i a s , "  IEEE T r a n s .  Auto* C o n t r o l . V o l. AC-17, No. 6 , 
p p . 8 2 8 -8 2 9 , 197 2 .
[74] R .S . Bucy, an d  P .O . J o s e p h , F i l t e r i n g  f o r  S to c h a s t i c  P r o c e s s e s  
w i th  A p p l ic a t io n s  to  G u id a n ce , J .  W iley , New Y o rk , N .Y ., 196 8 .
[75] C.W. S a n d e rs , J r . ,  E .C . T a c k e r ,  and T.D . L in to n ,  "A D e c e n tr a l iz e d  
F i l t e r  f o r  I n t e r a c t i n g  D ynam ica l S y s te m s ,"  F o u r th  Symposium on  
N o n lin e a r  E s t im a t io n  and  I t s  A p p l ic a t io n s .  San D ie g o , C a l i f o r n i a ,  
S ep tem ber 1 0 -1 2 , 1973.
[76] R .L . K o su t, "S u b o p tlm a l C o n tr o l  o f  L in e a r  Time I n v a r i a n t  System s 
S u b je c t  to  C o n tr o l  S t r u c t u r e  C o n s t a i n t s , "  IEEE T ra n s . A u to . C o n t r o l , 
V o l. AC-15, No. 5 , p p . 5 5 7 -5 6 3 , 1970.
[77] W .S. L ev in e  an d  M. A th a n s , "On th e  D e te rm in a t io n  o f  th e  O p tim a l 
C o n s ta n t O u tp u t F eed b ack  G a in s  f o r  L in e a r  M u l t iv a r i a b le  S y s te m s ,"  
IEEE T ra n s . A u to . C o n t r o l . V o l. AC-15, No. 1 ,  p p . 4 4 -4 8 , 1970 .
[78] R .G . B a r t l e ,  The E lem en ts  o f  I n t e g r a t i o n , Jo h n  W iley , New Y ork ,
196 6 .
[79 ] E .C . T a c k e r , C.W. S a n d e rs , and  T .D . L in to n ,  "A d a p tiv e  S t r a t e g i e s  
i n  N o n lin e a r  F i l t e r i n g , "  A i r  F o rc e  O f f ic e  o f  S c i e n t i f i c  R ese a rch  
C o n tra c t
[80] O .I .E lg e r d ,  E l e c t r i c  E nergy  S ystem s T heory :A n  I n t r o d u c t i o n , McGraw- 
H i l l ,  New Y o rk , 1971.
[81] E .C . T a c k e r , T.W. R eddoch, O .T . T an , and T .D . L in to n ,  "A u to m a tic  
G e n e ra t io n  C o n tr o l  o f  E l e c t r i c  E nergy  S y stem s— A S im u la t io n  S tu d y ,"  
IEEE T ra n s . S y s te m s . Man, and C y b e r n e t i c s , V o l. SMC-3, No. 4 , 1973.
APPENDIX A
In  t h i s  a p p e n d ix  we e s t a b l i s h  c o n d it io n s  u n d e r w hich th e  c o s ta te  
m a tr ix ,  P , u sed  i n  th e  d e r iv a t io n  o f th e  f i l t e r  i s  p o s i t i v e  d e f i n i t e .  
R e c a ll  th a t  P I s  th e  s o lu t io n  o f  an e q u a tio n  o f  th e  form ,
P ( t )  -  -A P ( t )  -  P ( t )  A* -  Q t e f t ^ t ^
P ( t l>  ■ Q-l 
w here A = A -  G H.
Assuming t h a t  A, G, H, Q , a re  g iv e n  co n tin u o u s  r e a l - v a lu e d
m a tr ic e s  on. f t  . t - l  we f i r s t  e s t a b l i s h  a  c lo s e d  form  s o lu t io n  f o r  th e  o 1
above m a tr ix  d i f f e r e n t i a l  e q u a t io n .  To t h i s  end l e t  Z be d e f in e d  by th e  
r u l e
Z ( t )  = P ( t x -  t )  t e [ 0 ,
w h ere in  F i s  t h e  s o lu t io n  to  th e  above m a tr ix  d i f f e r e n t i a l  e q u a tio n .
From th e  d e f i n i t i o n  o f  Z i t  fo llo w s  th a t
Lemma 1: Z i s  t h e  s o lu t io n  to
g  = A * (t) Z ( t)  +  Z ( t)  A * '( t )  + Q? t e [ 0 , t ^ - t o ]
w ith
Z (0) = Q1
and  A * ( t)  = A' ( t ^ - t )  , Q *(t) ** Q C ^ - t )  .
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P ro o f :  From th e  d e f i n i t i o n  o f Z end P i t  fo llo w s  th a t
dZ = ,_ ,s  dP 
d t  =  ̂ } dX A = t^-t
( -1 )  -A ( t j - t )  P C t^ - t)  -  P ^ - t )  A 'C t j - t )
- Q C t^ t )
= A*’ ( t )  Z ( t)  +  Z ( t)  A * (t)  +  Q * (t)
and Z(0) » PCt^) = Q^.
T h e re fo re  Z ( t)  can b e  w r i t t e n  ( s e e  [52] p . 58) a s
* ' r fc * * *
Z ( t)  = 4»*(t,0) Q-j^* ( t f 0) +  $ ( t , f )  Q*(t) 4* '(t:»T )dT
0
w here
d <J>* , » * * *
( t , n )  = A ( t )  <t> ( t , n ) ,  $ (n ,n) = I .
Hence th e  d e f i n i t i o n  o f  Z y ie ld s  th e  fo llo w in g  e x p re s s io n  f o r  P 
P ( t )  = z(tx-t)
= ^ ( t j - t . O )  Q.̂  ^ ' ( t ^ - t ^ O )
f̂ 1 t  *  *+ I 4 > * (t^ -t,a )  Q (a )  $ ' ( t ^ - t , a ) d a  
0
A
From th e  d e f i n i t i o n  o f $ , i t  fo llo w s  t h a t  i t  i s  th e  t r a n s i t i o n  m a tr ix  o f 
some sy stem  and i s  th e r e f o r e  o f f u l l  ra n k . Hence th e  fo llo w in g  r e s u l t  
i s  o b ta in e d  r e l a t i v e  to  th e  p o s i t i v e  d e f in i t e n e s s  o f  P .
L e mma 2 :
(1 ) I f  i s  p o s i t iv e  d e f i n i t e  and Q p o s i t i v e  s e m id e f ln i te  th e n  P i s  
p o s i t i v e  d e f i n i t e  f o r  a l l  t E [ t Q, t ^ ] .
(2) I f  I s  p o s i t iv e  s e m id e f ln i te  and Q p o s i t i v e  d e f i n i t e  th e n  P i s  
p o s i t i v e  d e f i n i t e  f o r  a l l  t e [ t Q, t ^ ) .
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APPENDIX B
A D e c e n tra l iz e d  O utpu t Feedback C o n t r o l le r  
f o r  T im e - In v a r ia n t L in e a r  System s
I .  In t r o d u c t io n
The c o m p u ta tio n a l e f f o r t  In v o lv e d  In  d e s ig n in g  th e  c o n s tr a in e d  
c o n t r o l l e r  o f  C hap ter H I  i s  q u i t e  l a r g e  and would b e  p r o h ib i t iv e  f o r  
m ost p r a c t i c a l  sy s te m s . One o f  th e  m ajo r re a so n s  f o r  t h i s  d i f f i c u l t y  
i s  th e  a p p a re n t la c k  o f  a  s e p a r a t io n  p r in c ip l e  w hereby th e  c o n t r o l l e r  
and f i l t e r  g a in s  can  be  d es ig n ed  s e p a r a te ly .  T hus, in s te a d  o f  two 
s in g le  p o in t  boundary  v a lu e  prob lem s th e  d e s ig n  r e q u i r e s  th e  s o lu t io n  
o f  a  s i n g l e  two p o in t  boundary  v a lu e  problem  w ith  i t s  a t te n d e n t  com­
p l e x i t i e s .
Of c o u rs e , an  e n g in e e r in g  ap p ro ach  to  t h i s  d i f f i c u l t y  i s  to  o b ta in  
a t  l e a s t  a  p re l im in a ry  d e s ig n  by in v o k in g  th e  s e p a r a t io n  p r i n c i p l e .
W hile th e  r e s u l t s  o b ta in e d  in  t h i s  ap p en d ix  a r e  approached  from  a 
s l i g h t l y  more g e n e ra l  v ie w p o in t th e y  a r e  a p p l ic a b le  to  th e  above e n g i­
n e e r in g  te c h n iq u e . In  t h i s  ap p en d ix  a  method i s  p re s e n te d  f o r  d e s ig n ­
in g  a  d e c e n t r a l iz e d  c o n t r o l l e r  w ith  c o n s ta n t  o u tp u t  feed b ack  g a in s  f o r  
l i n e a r  t im e - in v a r ia n t  sy s tem s . N ecessa ry  c o n d it io n s  f o r  th e  o p tim a l 
fe e d b ac k  gainB a r e  o b ta in e d  in  te rm s o f  th e  c o r r e l a t i o n  m a tr ix  o f  th e  
i n i t i a l  s t a t e .
To o b ta in  an e f f i c i e n t  d e r iv a t io n  o f  th e s e  r e s u l t s  i t  i s  advan tag eo u s 
to  f i r s t  ex ten d  some e a r l i e r  r e s u l t s  o f  L ev ine  and A thans [7 7 ] .  In  [77] 
L ev in e  and A thans d e r iv e  a  s e t  o f  n e c e s s a ry  c o n d it io n s  f o r  th e  o p tim a l 
g a in  m a tr ix  F f o r  th e  sy stem
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x ( t )  = A x ( t )  + B m (t) (B .l )
y ( t )  -  H x ( t )  (B .2)
w here th e  c o n t r o l ,  m, I s  c o n s tr a in e d  to  b e  a  t im e - in v a r ia n t  t r a n s ­
fo rm a tio n  o f  th e  o u tp u t .  T h a t i s ,
m (t)  “  -  F y ( t )  (B .3)
and th e  a s s o c ia te d  c o s t  i s  th e  q u a d ra t ic  form
00
J  -  1 /2  f i | x ( t ) | | ^  + | | m ( t ) | | 2 d t  (B .4)
J  Q M
o
From (B .l)  and (B .2) i t  i s  n o te d  th a t  we a r e  c o n s id e r in g  d e te r m in is t i c  
system s in  t h i s  s e c t io n .  However, in  o r d e r  to  o b ta in  an  F w hich i s
n o t  dependent on th e  i n i t i a l  s t a t e  x ( 0 ) , i t  i s  u s e f u l  t o  employ th e
a r t i f i c e  o f  assum ing  th e  i n i t i a l  s t a t e  to  be  a  random v a r i a b l e .  L ev ine  
and  A thans assum ed a p a r t i c u l a r  p r o b a b i l i t y  d i s t r i b u t i o n  f o r  x (0 ) and 
th e n  m inim ized th e  ex p ec ted  v a lu e  o f (B .4 ) w i th  r e s p e c t  to  F. In  t h i s  
ap p en d ix  th e  r e s u l t s  in  [77] w i l l  be  g e n e r a l iz e d  in  two w ay s:
(1 ) I t  w i l l  be shown t h a t  th e  n e c e s s a ry  c o n d i t io n s  f o r  F may be
o b ta in e d  in  te rm s o f  th e  c o r r e l a t i o n  m a tr ix ,  E { x (0 )x '(0 )}
£
so t h a t  th e  o p tim a l feed b ack  m a tr ix ,  F , does n o t  depend 
e x p l i c i t l y  on th e  e x a c t d i s t r i b u t i o n  o f x ( 0 ) .
(2) The r e s u l t s  w i l l  b e  ex ten d ed  to  th e  m u l t i c o n t r o l l e r  c a s e . 
T o g e th e r th e s e  two g e n e r a l iz a t io n s  p ro v id e  a  te c h n iq u e  f o r  d e s ig n in g
a  d e c e n t r a l iz e d  c o n t r o l l e r  f o r  system s w ith  in fo rm a tio n  flo w  c o n s t r a in t s .
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I I .  E x te n s io n  to  A r b i t r a r y  C o r r e la t io n  M atrix
The c o s t  In  (B .4 ) can  be w r i t t e n  a s
00
J  = x '( 0 )  [ l / 2  |  $ ' ( t , 0 )  (Q tiT F 'M F H )« (t» 0 )d t]x (0 ) (B .5)
o
w here 4 i s  th e  t r a n s i t i o n  m a tr ix  f o r  th e  u n d riv e n  sy stem
x ( t )  = [A -  B FH ]x(t) (B .6)
C o n s id e rin g  x (0 ) to  b e  a  random v e c to r  and m o d ify in g  th e  c o s t  to  b e  th e
e x p ec te d  v a lu e  o f  (B .5 ) ,  we have
J x = E { x '(0 )S x (0 )>  (B .7)
w here S I s  d e f in e d  t o  be
S >* 1 /2 $ ( t , 0 )  (Q +  H'F'MFH) $ ( t ,0 )  d t
U sin g  th e  m a tr ix  i d e n t i t y  x 'A x  = t r{ A x x '}, can  be  w r i t t e n  a s
= E { t r  S x ( 0 ) x '(0 )}
and s in c e  S i s  d e te r m in i s t i c  and th e  t r a c e  o p e ra to r  l i n e a r ,  can  be 
s im p l i f i e d  to
J ,  = t r  {SX } (B .8)1 o
w here X 1 b d e f in e d  by o 3
«
Xq = E ( x ( O ) x '(0 )}  (B .9)
The r e s u l t s  in  ^7] w ere d e r iv e d  f o r  th e  c o s t  =* t r { S )  and a r e  
th e r e f o r e  v a l id  f o r  any d i s t r i b u t i o n  o f  x (0 ) f o r  w hich XQ 0  I .
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4*Suppose now t h a t  Xq = W w here W i s  any p o s i t i v e  d e f i n i t e  sym m etric
| |
m a tr ix .  D e fin e  T by th e  r e l a t i o n
T = (W172) " 1 (B .10)
and n o te  t h a t  th e  v e c to r
Z ( t)  = T x ( t )  (B .11)
h as  i n i t i a l  c o r r e l a t i o n  m a tr ix
E{Z(0)Z*(0 )}  -  E {T x(0)x*(0 )T ) = T E { x ( 0 ) x '( 0 ) }T (B .12)
= TWT » I
M oreover, Z s a t i s f i e s  th e  d i f f e r e n t i a l  e q u a tio n
Z ( t)  = TAT_1 Z ( t )  + TB m (t) (B .13)
and th e  o u tp u t ,  y ,  o f  th e  o r i g i n a l  r e p r e s e n ta t io n  can  h e  w r i t t e n  i n  
te rm s o f  Z a s
y ( t )  = HT_1 Z ( t )  (B .14)
F in a l ly  th e  o r i g i n a l  c o s t  i n  (B .4 ) can  b e  w r i t t e n  a s
00
J  » 1 /2  [ Z '( t )  (T_1Q T_1) Z ( t)  + m ’ ( t )  M m ( t) ]  d t  (B .15)
O
w ith  th e  c o n t r o l  s t i l l  c o n s tr a in e d  by (B .3 ) .
■A*
I t  i s  p o s s ib le  to  drop  th e  c o n s t r a in t  t h a t  XQ b e  p o s i t i v e  d e f i n i t e ,  
b u t  th e  p ro o f  i s  to o  le n g th y  to  p r e s e n t  h e re .  The d e r iv a t io n  can  be 
o b ta in e d  f o r  exam ple by p a r a l l e l i n g  th e  o r i g i n a l  p ro o f  g iv e n  in  77.
i s  th e  (u n ique) p o s i t i v e  d e f i n i t e  sym m etric  m a tr ix  s a t i s f y i n g
-1 /2  ̂  2 „(W ) “ W.
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Now becau se  o f  (B .1 2 ) f th e  r e s u l t s  from  [77| may be  a p p l ie d  to  th e  
re fo rm u la te d  prob lem  c o n s i s t in g  o f (B .1 3 ) - (B .1 5 ) . A p p lic a t io n  o f  th e s e  
r e s u l t s  y ie ld s  th e  fo llo w in g  s e t  o f  n e c e s s a ry  c o n d i t io n s  f o r  th e  o p tim a l
•ff
g a in  m a tr ix ,  F :
0 -  K* [TAT-1  -  TBF*HT~1] + [TAT- 1  -  TBF^T” 1} ' K* +  T_1Q T_1 +
T- 1 H'F* M F*HT- 1  (B .16)
0 = L* [TAT-1  -  TBF*HT-1]  ' + [TAT- 1  -  TBF*HT-1 ]  L* +  I  (B .17)
F*= M- 1 B1 TK*L*T_1H * [h t ‘1L*t” 1H,3 ” 1 (B .18)
I n tr o d u c in g  th e  tra n s fo rm a tio n s
K -  TK*T (B .19)
£ « t_1l *t_:l (B .20)
and u s in g  th e  symmetry o f  T and T i t  i s  easy  to  v e r i f y  t h a t  
( B .1 6 ) - ( B .18) a re  e q u iv a le n t  to
0 = K [A -  BF*H] + [A -  BF*H]' K +  Q + H’F * '® ’̂  (B .21)
0 = L [A -  BF*H] ' + [A -  BF*H] L + W (B .22)
F*= M- 1  B* k£h ' [HLH’] - 1  (B .23)
Thus e q u a tio n s  (B .2 1 ) - (B .23) r e p r e s e n t  th e  n e c e s sa ry  c o n d it io n s  f o r
Xo = W, w hich  I s  th e  d e s i r e d  g e n e r a l i z a t i o n .  I f  W ■ I  th e  e q u a tio n s
re d u c e  to  th o s e  d e r iv e d  in  [7 7 ].
I I I .  E x te n s io n  to  th e  M u l t ic o n t r o l le r  Case
The system  model to  be  c o n s id e re d  h e re  i s  g iv e n  by
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N
x ( t )  -  A x ( t )  + I  B± m ( t )  (B .24)
i « l
y ^ t )  = H ^x (t) 1 = 1 , 2 , . . . H (B .25)
w ith  th e  c o n s t r a i n t  t h a t  each o f th e  N c o n t r o l l e r s  s a t i s f y
= -  F± y ± ( t )  i = l » 2 , . . .N .  (B .26)
The a s s o c ia te d  c o s t  f u n c t io n a l  f o r  t h i s  system  i s  assumed to  h e
f i
J  = 1 /2  [x * ( t)Q x ( t)  + I m±( t )  M ^ C t ) ]  d t  (B .27)
■'p 1=1
The r e s u l t s  o f  th e  p re v io u s  s e c t io n  w i l l  now be  used  to  o b ta in  some 
n e c e s sa ry  c o n d it io n s  f o r  t h i s  more g e n e r a l  p rob lem .
F i r s t  assum ing  t h a t  an  o p tim a l s e t  o f  g a in  m a tr ic e s  { F ^ : l = l ,2 , . .  ,N) 
e x i s t ,  c o n s id e r  th e  sy stem  i n  w hich {F^: i = l , 2 , . . ,N /{ j}} a r e  h e ld  con­
s t a n t  a t  o p tim a l v a lu e s  and o n ly  F_j i s  c o n s id e re d  to  be  f r e e .  I n  t h i s  
c a s e  th e  system  (B .24 ) and (B .25) can  b e  w r i t t e n  as
x ( t )  » Aj x ( t )  + Bj (B .28)
y  ( t )  > Hj x ( t )  (B .29)
- A  N *w h e re in  A . = A -  £ B F. H .
3 i = l
i ^ j
and nij ( t )  “  “  Fj
F u rth e rm o re , th e  a s s o c i te d  c o s t  f o r  t h i s  m o d if ied  system  can  b e  w r i t t e n  
a s
= E { l/2 [ x ' ( t )  Q jX (t) +  m ^(t) M^m^(t)J d t )  (B .30)
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w ith  Qj d e f in e d  by
N
Qj A ,  +  H; f * M±F* H l 
l ^ j
and x (0 ) la  assum ed to  be  a  random v e c to r  w ith  c o r r e l a t i o n  m a tr ix  X .o
A pply ing  th e  r e s u l t s  o f th e  p re v io u s  s e c t io n  to  t h i s  p ro b lem , th e
•fg
n e c e s sa ry  c o n d i t io n s  f o r  a r e  g iv e n  by
r
0 = K A + A* K + Q. +  H. F* M.F* H,
j  d j  j  j  j
0 -  L A ' +  A L +  Xo
Fj ‘ “j1 Bj K L Hj Gy
w ith  A d e f in e d  by
Aj “J
N
A 8 Aj -  BjF* H, = A -  I  B .F* H. .1 1  11=1
Now s in c e  th e  te rm
Qj +  = Q + ^
i s  in d ep en d en t o f  j , i t  fo llo w s  th a t  th e  n e c e s sa ry  c o n d it io n s  f o r  th e
A
N g a in  m a tr ic e s  F^ a r e  g iv e n  by th e  N+2 e q u a tio n s
* '  N  * '
0 °  K A + A K + Q +  I  H*F± M j.F*^ (B .31 )
* * i t
0 •  L A + A L +  Xo (B .32)
Fj = M ^BjKIflJ [ y a ’r 1 j - i . 2 . . . , *  fB .3 3 )
w ith  A d e f in e d  by
A* -  A -  I Bt F* H
1=1
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A g e n e r a l i z a t io n  o f  th e  a lg o r i th m  p re s e n te d  In  [77] f o r  s o lv in g  (B ,21>- 
(B .23) i s  p r e s e n t ly  a v a i l a b le  [63] f o r  s o lv in g  (B .3 1 ) - (B .3 3 ) .
i tQ u e s tio n s  re g a rd in g  th e  e x is te n c e  o f F^ and s t a b i l i t y  o f  th e  r e ­
s u l t i n g  sy stem  a r e  open . I t  i s  c l e a r l y  t r u e  t h a t  i f  an F* e x i s t s  and 
i f  th e  sy stem  I s  s t a b l l i z a b l e  by a  d e c e n t r a l iz e d  c o n t r o l ,  th e n  th e
ito p tim a l o u tp u t  fe e d b a c k , F ^ , w i l l  r e s u l t  i n  a  s t a b l e  sy stem . Aokl [19] 
has o b ta in e d  some r e s u l t s  r e l a t i v e  to  th e  s t a b l l l z a b l l l t y  by  d e c e n t r a l iz e d  
o u tp u t  fe e d b ac k . However, th e  s t a b l l l z a b l l i t y  q u e s t io n  i s  s t i l l  n o t 
c o m p le te ly  r e s o lv e d .
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APPENDIX C 
A D ecoup ling  T ra n s fo rm a tio n
In  t h i s  append ix  a  t r a n s fo rm a tio n  w hich  i s  p o t e n t i a l l y  u s e f u l  f o r  
d e c o u p lin g  th e  dynam ics o f  com posite  sy stem s in  a p r e s p e c i f ie d  m anner 
i s  in tro d u c e d  and d is c u s s e d .  C o n sid e r a  com posite  sy s tem  d e sc r ib e d  by 
th e  fo llo w in g  s t a t e  e q u a t io n s
*1 "  AU X1 +  A12x 2 + b l
x 2 A21x1 + A22X2 + b2 
Xl ( t o ) * X1 • x2 l t o> ‘  X2
( C .l )
w h ere in  f o r  each  t  e [ t o>t ^ ] ,  x ^ ( t )  i s  an  v e c to r  ( i = l , 2 )  and th e  
m a tr ic e s  ^ » i , j = l , 2  a r e  c o n tin u o u s  and have  th e  a p p r o p r ia te  d im e n s io n s . 
Now c o n s id e r  th e  t r a n s f o r m a t io n ,  T: Rn *x R1*2 -+■ r " 1 x  Rn2 d e f in e d
by
T = ' I  I 12
T I I  +  T T 21 L2 21 12
(C .2 )
w here 1^: Rn i  Rn * i s  th e  i d e n t i t y  f o r  1= 1 ,2 , and T21 s a t i s fy
th e  d i f f e r e n t i a l  e q u a tio n s
T1 2  “  A1 1 T1 2  T1 2 A22  +  T1 2 A2 1 T12 “  A12 ( C *3J 
T21  = (A 22 " A2 1 T1 2 )T 2 1  '  T2 1 (A 1 1  +  T12A21* " A21 t C*4 )
T1 2 ( t o> " 0 * W  = 0
Lemma 1: Under th e  t r a n s f o r m a t io n ,  T , th e  d i f f e r e n t i a l  e q u a tio n s  ( C . l )
a r e  e q u iv a le n t  to
104
w ith
* 1 = 4 i yi + b t  • yiCt0} = x l
y 2 = A22y 2 +  b 2 ’ y 2 ( t o ) = *2
A11 A11 +  T12A21 * A22 A22 A21T12
and b* = T b .
P ro o f: L e t x be th e  s o lu t io n  to  ( C .l )  and y=Tx. Then we have
y = (T +  TA)x +  Tb 
Now from th e  d e f i n i t i o n  o f  T i t  fo llo w s  t h a t
( i ) u  -  o
(T' l  =  T = A T  - T A  + T A T  - A  12 12 11 12 12 22 12 21 12 12
(T )2i  = T21 = (A22-A 21T12)T21 -  T21^A11 + T12A21^ “  A21 
(T^22 = CA22“ A21T1 2 )T 21T12 “ A21T1 2 ( I 2 +  T21T1 2 5 “ T2 1 (A12+T12A2 2 5
and
<TA)11= A11 +  T12A21 = A11
(TA)i2 A12 +  T12A22
(ta) 21= t 21a1;l + a21
(TA>22 T21A12 + ( I 2 + T21T12)A22
T h e re fo re
( i  +  T A ) ^  -  A ^
(T + TA)12 = A1;lT12 
(T + TA)21 = A22T21 
( i  + TA)22 = A* ( I 2 + T21T12)
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and hence




Then y = A Tx + Tb
*  *
= A y + b
and c l e a r l y  s in c e  T ( t  ) = I  th e  above i n i t i a l  c o n d it io n s  h o ld .o
A no ther i n t e r e s t i n g  p ro p e r ty  o f  th e  T d e f in e d  above i s  t h a t  i t  has  
a s im p le  in v e r s e  w hich i s  e a s i l y  computed once T i s  known.
Lemma 2: The tr a n s fo rm a tio n  d e f in e d  in  (C .2 ) - (C .4 )  i s  n o n s in g u la r  and
i t s  in v e r s e  i s  g iv en  by
I
-1 I  + T T ' -T 1 12 21 I 12
-T21 I
P ro o f: By d i r e c t  co m p u ta tio n  we h av e  TT ^ = I ,  and T ^T = I .
Example: C o n s id e r  th e  c a se  in  w hich A2 ^“ 0 . Then from (C .4 ) we have
T^-^Ct) = 0 f o r  a l l  t  and from  (C .3 ) T10 i s  th e  s o lu t io n  o f12
T  =  A T  - T A  - A  
12 11 12 12 22  12
T12( t o> '  0




An A p p lic a t io n  o f  th e  D e c e n tra l iz e d  F i l t e r
I n  C hap ter I I  q u a l i t a t i v e  a s p e c ts  o f  th e  f i l t e r  p e rfo rm an ce  w ere 
d is c u s s e d  and I t  was shown th a t  f o r  tim e  in v a r i a n t  system s th e  perfo rm ance 
loss o f  th e  d e c e n t r a l iz e d  f i l t e r  a t t a i n s  a  bounded s te a d y  s t a t e  v a lu e  i f  
th e  p a i r  [A^ -  i s  o b se rv a b le  f o r  each  i  ■> 1 , 2 , . . . , N .  In  t h i s
ap p en d ix  q u a n t i t a t i v e  p e rfo rm an ce  d a ta  a r e  g e n e ra te d  f o r  th e  c a se  o f 
s t a t e  e s t im a t io n  in  a  tw o -a re a  pow er system .
I n  t h i s  p re l im in a ry  s tu d y  th e  tw o -a rea  pow er system  h a s  been  re p re s e n te d  
by th e  s im p le  model shown i n  F ig u re  E . l .  (See e .g .  [80] o r  [81] f o r  a 
developm ent o f t h i s  m o d e l) . H ere th e  lo c a l  s t a t e  v e c to r  f o r  each  a re a  
was ta k e n  to  be x^ = [A f^ A X ^] and th e  i n t e r a c t i o n  in p u t  was chosen
to  b e  th e  t i e - l i n e  pow er. C o n s is te n t  w ith  s ta n d a r d  p r a c t i c e  i n  th e  
e l e c t r i c  power in d u s t r y  i t  was assum ed th a t  th e  o b s e rv a tio n s  a v a i l a b l e  a t  
each  a r e a  c o n s is te d  o f  n o is y  m easurem ents o f  th e  l o c a l  fre q u e n c y  d e v ia t io n  
and th e  t i e  l i n e  pow er.
I n  t h i s  model th e  " s y n c h ro n iz in g  c o e f f i c i e n t " ,  i s  d i r e c t l y  r e ­
l a t e d  to  th e  amount o f  i n t e r a r e a  c o u p lin g . T h e re fo re  i n  t h i s  p re l im in a ry  
s tu d y  a t t e n t i o n  was fo c u se d  on d e te rm in in g  th e  e f f e c t  o f  t h i s  p a ra m e te r  
on th e  n o rm a lized  p e rfo rm an ce  lo s s
P .L . « °  C x  100%
C
w h ere in  JpC Jg) th e  c o s t  o f e s t im a t io n  u s in g  th e  d e c e n t r a l iz e d  (cen ­
t r a l i z e d )  f i l t e r .  F ig u re  E .2 shows th e  r e s u l t s  o b ta in e d  from  t h i s  s tu d y .
Note t h a t  th e s e  r e s u l t s  a r e  c o n s i s t e n t  w ith  w hat one would e x p e c t in ­
t u i t i v e l y  in  th e  s e n se  t h a t  as ^  0 th e  sy stem  becomes d eco u p led  and 
th e  o p tim a l c e n t r a l i z e d  f i l t e r  sh o u ld  ap p ro ach  two lo c a l  f i l t e r s  o f  th e
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form  u sed  in  th e  d e c e n t r a l iz e d  f i l t e r .  Thus one would e x p e c t T ^  to  have 




A P „ ,-D is tu rb an ce  D1
AP,G1
1 i
- 4 T \ >
1
1 \ J  * 1 +  s TG1
1 V 1 +  eTn
V 1 +  8Tp l
Governor T u rb in e -
G en era to r
AREA 1
+ A£i
AP. . .  = ^t i e . l  1




C H 1 ------ k 1^ +  sTG2 1 +  a I T2
“ t i e , 2 -  "2
“ 02 -  
K H
t
Governor T u rb in e -
G en era to r
*o2
1 +  sTp2
-*Af,
APjj2  ~ D is tu rb a n c e
AREA 2







T12 "  ?MAX 008 6 
6 « Power a n g le  = 30
5 .0
4 0 p .uMAX
I d e n t i c a l  A reas
2 .4  H z /p .u . MW 
.08  seconds 
0 .3  seconds 








0 .5 1.0 1 .5
tim e , s e c .
F ig .D .2  P e rc e n ta g e  perform ance lo s s  v s . sy stem  c o u p lin g .
Appendix E
In  t h i s  ap p en d ix  d e t a i l s  In v o lv ed  in  s im p lify in g  th e  s t r u c t u r e  o f  
th e  d e c e n t r a l iz e d  f i l t e r  f o r  d is tu rb a n c e  In p u ts  o f  th e  form  g iv e n  in  
S e c tio n  V ,.C h a p te r  I I  a r e  g iv e n . To t h i s  end c o n s id e r  th e  model i n
t i
* t -V . 1 .1 _»
(2 .4 8 -2 .4 9 )  and d e f in e  x^ ■* [x^ y^] , x  ■ [x^ X2  . . .  x ^ ] . Then th e  
sub sy stem  model becomes
x .
~A. T ' l / B_, w .
ss 1 i
"O’ _ 8. i
x + 11 u . + i0" m. +
i
"0i 0" i i
= A. x . + L . . u , + B, m. +  w. i  i  i i  i  i  i  i
y t  53 [5± °1 * ± + 5 i2  u± +  \
» H ±1 x± +  h ±2 u± +  n±
u. = L. x i  1
( E . l )
(E .2 )
(E .3 )
w h e re in  i s  an a p p r o p r ia te ly  m o d if ied  v e r s io n  o f  L^.
T h e re fo re  th e  r e s u l t i n g  augm ented sy stem  ( E .1 ) - ( E .3 )  can be p u t  i n to  
th e  form  t r e a t e d  in  S e c tio n  I I I .  N ote t h a t  a l l  o f  th e  s t a t i s t i c a l  
a ssu m p tio n s  r e g a rd in g  x ^ ( t  »•)» and rem ain  t r u e  f o r  S. In  a d d i t io n ,  
i f  th e  sy stem  w ith o u t d is tu rb a n c e s  s a t i s f i e s  th e  H^2 a ssu m p tio n , th e n  so 
w i l l  S and h e n c e , w ith o u t  f u r th e r  lo s s  o f  g e n e r a l i t y ,  i t  can be assum ed 
t h a t  th e  m easurem ent m a tr ic e s  a re  i n  c a n o n ic a l  form . F or e ase  o f w r i t ­
in g  l e t  d en o te  th e  o p tim a l S .L .U . e s t im a te  o f and ap p ly  th e  r e s u l t s  
o f  S e c tio n  I I I  to  o b ta in
■ Vi +  Li l (y i l ' Hi l yl )+  Vi + Gi 2 (y i 2 ' Si 3 1Ji ) (E .4 )









(E .1 0 )
E q u a tio n s  (E .4  -  E .IO ) p ro v id e  a  s o lu t io n  f o r  th e  c a se  i n  w hich  
d is tu rb a n c e s  o f  th e  above c la s s  a r e  p r e s e n t .  M oreover i t  i s  p o s s ib le  to  
s im p lify  th e  f i l t e r  a lo n g  th e  same l i n e s  a s  i n  F r ie d la n d  [7 2 ] . T h is  has 
im p o r ta n t im p lic a t io n s  r e l a t i v e  to  th e  C o m p u ta tio n a l a s p e c ts  o f  th e  
f i l t e r  im p le m e n ta tio n . To o b ta in  th e s e  s im p l i f i c a t i o n s  n o te  t h a t
and l e t
I t  can be shown [72] t h a t
v i  = v ± + QMQ
w here s a t i s f i e s  (2 .5 6 )  w ith
and s a t i s f i e s  (E .6 ) w ith
and
V co> - l l - O -
Q = (A* - , q(to) - [4]
M -  -Mq ' h} 3N“ ^ 3QM , M (to) -  J ° .
(E . 11)
(E .1 2 )
From th e  d e f i n i t i o n  o f  I t  fo llo w s  t h a t  °  0 and  = 0*
T hus, p a r t i t i o n i n g  Q to  conform  w ith  th e  p a r t i t i o n i n g  o f  A* (Q =[Q Q *])1 x  Y
i t  fo llo w s  t h a t  Q , and M a r e  g iv en  by
K  •  <Ai  -  V i c k s ’ qx  +  r A -  V ' d *  ■ 0
Q = e.Q 
y i  Y
and M -  -  M Q >;3K -Jh i 3QxM
Q ( t  ) *= I  y o
« v  ■ i;
(E .1 3 )
(E .1 4 )
(E .1 5 )
W ritin g  (E .5 ) in  d e t a i l  i t  fo l lo w s  th a t  G ^  8^ven by
*
Gi2  =
(Vi A 3  -  Li i Hi 3)Ni 2 '  
Vi3 Hi3 N12
(E. 16)
T hus, u s in g  (E .16 ) th e  f i l t e r  d y nam ical e q u a t io n ,  ( E . 4 ) ,  c an  be  w r i t t e n  
» A r- '  - 1
A
Now d e f in e  x^ a s  th e  e s t im a te  given, by th e  l o c a l  " d i s tu r b a n c e - f r e e "
f i l t e r ,
xi  “  A1 Xi  +  Li i * y i l ~ Hi l x i^ +  Bl IDi  + ^ i l H13“Li l Ni3 * Ni2 * y i 2 -Hl 3 XP  
x * ( to ) = x° (E .19)
and l e t
x^ = x* +  (E .20)
w ith  S = ty } " 1 (E .21)
I t  I s  easy  to  show from  th e  d e f i n i t i o n  o f  S, Q , and Q t h a tx y
s -  (a* -  -  s e ± + r± ( E .2 2 )
From th e  d e f i n i t i o n  o f  .x^ and (E .2 2 ) i t  i s  s t r a ig h t f o r w a r d  to
show th a t  e^  = x^ -  x^ s a t i s f i e s  th e  s t o c h a s t i c  d i f f e r e n t i a l  e q u a tio n
Si  = [Ai -  Ll A l  -  (V±1h; 3 -  CE.23 )
e ^ ( t Q) » 0 w ith  p r o b a b i l i t y  one .
and hence
e± ( t )  = 0 (wpl) (E .24)
I t  fo llo w s  from  (E .20) and (E .2 4 ) t h a t  
x± = 2^  = x* +  S y ±
and  th u s  th e  f i l t e r  has th e  s im p l i f i e d  s t r u c t u r e  g iv e n  i n  S e c tio n  V, 
C h ap te r I I .
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